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Abstract: We consider a string dual of a partially topological U(N) Chern-Simons-matter
(PTCSM) theory recently introduced by Aganagic, Costello, McNamara and Vafa. In this
theory, fundamental matter fields are coupled to the Chern-Simons theory in a way that
depends only on a transverse holomorphic structure on a manifold; they are not fully
dynamical, but the theory is also not fully topological. One description of this theory
arises from topological strings on the deformed conifold T ∗S3 with N Lagrangian 3-branes
and additional coisotropic ‘flavor’ 5-branes. Applying the idea of the Gopakumar-Vafa
duality to this setup, we suggest that this has a dual description as a topological string on
the resolved conifold O (−1)⊕O (−1)→ CP1, in the presence of coisotropic 5-branes. We
test this duality by computing the annulus amplitude on the deformed conifold and the disc
amplitude on the resolved conifold via equivariant localization, and we find an agreement
between the two. We find a small discrepancy between the topological string results and
the large N limit of the partition function of the PTCSM theory arising from the deformed
conifold, computed via field theory localization by a method proposed by Aganagic et al.
We discuss possible origins of the mismatch.
Keywords: Chern-Simons-matter theory, topological string theory, branes, holographic
duality
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1 Introduction
Holographic duality is one of the key avenues to understanding string theory and quantum
gravity. The idea that a gauge theory may be dual to a closed string theory was first
suggested in [1]. Since then, such a gauge/gravity duality was constructed for many pairs
of physical systems. Among the most prominent examples are the duality between certain
zero-dimensional gauge theories and two-dimensional pure topological gravity [2, 3], the
equivalence between 2d QCD and 2d string theory [4], the description of M-theory in
terms of the N = ∞ limit of U(N) matrix quantum mechanics [5], and the AdS/CFT
correspondence, relating Type IIB superstring theory in an AdS5 × S5 background to the
4d N = 4 super Yang-Mills (SYM) theory [6–8]. The latter duality has the richest physical
content, but is too complicated to be proven by currently available techniques, due to
non-trivial local dynamics on the gauge theory side of the correspondence.1
A non-trivial but still exactly soluble example of gauge/gravity duality, known as
the Gopakumar-Vafa (GV) duality, was given in [11], where it was shown at the level of
partition functions that a U(N) Chern-Simons (CS) gauge theory on S3 is equivalent to
the topological string A-model on the total space of the O(−1) ⊕ O(−1) → CP1 bundle,
which can also be conveniently thought of as the resolved S2×S3 conifold. Here ‘resolved’
means that the S2 = CP1 does not shrink to zero size at the tip of the conifold, while the
S3 does. The duality was later derived in [12], using the GLSM techniques developed in
[13]. However, it is fair to say that this setup is far from typical examples of gauge/gravity
duality, in the sense that both sides are topological and do not have propagating degrees
of freedom.
In this paper we propose a gauge/gravity duality between two partially topological
theories, which can be regarded as something between the Gopakumar-Vafa duality and a
typical gauge/gravity duality. This is achieved by adding matter fields to the Gopakumar-
Vafa duality. The pure CS theory is equivalent [14] to topological strings on the deformed
conifold with N 3-branes. Adding 5-branes to this, which can be treated as probes at
leading order in the string coupling, gives rise to matter fields from 3-5 strings. The
1However, some progress in this direction has been achieved in [9, 10].
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duality then maps this configuration to 5-brane probes on the resolved conifold, which add
to this closed topological string theory an open string sector. These are ‘flavor’ branes
capturing the dynamics of the matter fields, as usual when coupling fundamental matter
to dualities between gauge theories and closed string theories.
Ideally, we would like to do this for dynamical matter fields, in order to obtain a
dual for the standard CS-matter (CSM) theories that have been extensively studied in the
past few years. These theories have a dual description at large N by a theory of higher
spin gravity (see [15] for a review), so this would give a string theory completion for this
theory. However, we do not yet know how to do this. What we can do, following [16], is to
add partially topological matter fields to the CS theory, which arise from adding specific
coisotropic 5-branes to the deformed conifold side of the duality. In this paper we suggest
a dual for the resulting PTCSM theory, and test it by comparing the partition functions
on both sides.
The easiest way to understand the GV duality is to represent a U(N) CS theory on S3
as the topological A-model on T ∗S3 with N Lagrangian 3-branes wrapping the minimal
S3. As shown in [14], the full string field theory action of the topological A-model
S =
1
gs
∫
Tr
[
1
2
Ψ ? QBΨ +
1
3
Ψ ?Ψ ?Ψ
]
(1.1)
in this setup is reduced to the CS action for a U(N) gauge field A living on the 3-branes
SCS = i
k
2pi
∫
S3
Tr
[
1
2
A ∧ dA+ 1
3
A ∧A ∧A
]
, (1.2)
where k is an integer and is finitely renormalized as k → k +N for the SU(N) factor. For
more general topological string backgrounds than a stack of Lagrangian 3-branes wrapping
the zero section of T ∗M , the open string action is corrected by holomorphic instantons
S = SCS +
∑
β
e−
∫
β ωTr
(
UK(β)
)
, (1.3)
which play a crucial role in the GV duality. Here ω is the complexified Ka¨hler form, which
measures the symplectic area of the worldsheet instanton β in units of the string length,
K (β) is a knot, on which the worldsheet instanton ends, UK(β) is the holonomy of the
3-brane gauge field along this knot, and the sum runs over all holomorphic worldsheet
instantons.
The cotangent bundle T ∗S3 is a deformed S2 × S3 conifold, and is known to be re-
lated to the resolved conifold via a geometric transition, in which the S2 shrinks to zero
at the tip, and the S3 blows up [17]. The GV duality is an equivalence between the
topological A-model in two different backgrounds — the resolved conifold with no branes,
where the worldvolume of the closed topological string can wrap the non-vanishing S2,
and the deformed conifold in the presence of a stack of Lagrangian branes, on which the
open topological strings may end. More precisely, the resolved conifold appearing here is
geometrically singular, but with a non-zero flux of the NS-NS 2-form B-field through S2.
Then, the integral of the complexified Ka¨hler class κ = ω+iB over the non-trivial S2 cycle
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is purely imaginary. It is related to the number of Lagrangian 3-branes N on the deformed
conifold side of the duality as
tr ≡
∫
S2
κ = Ngs = −i 2piN
k +N
, (1.4)
where the string coupling gs is the same on both sides. The case of a real string coupling is
physically most sensible, but in principle, one can analytically continue gs to any complex
value. One often does it in computation, even if at the end the string coupling is put to be
real. In topological string computations on the resolved conifold side of the GV duality,
the volume tr is generally complex.
The CS theory, originally solved in [18], is a topological theory, so it does not have any
local degrees of freedom, and the only observables are the partition function and the Wilson
loops. Wilson loops can be included in the framework of the GV duality by adding a stack
of non-compact Lagrangian 3-branes to the deformed conifold background. These branes
are of R2 × S1 topology, and intersect the zero section of T ∗S3 along the contour of the
Wilson loop of the CS theory. These 3-branes go through the geometric transition, and one
can then extract the value of the Wilson loop from the partition function of the topological
A-model in the resolved conifold background with a stack of non-compact 3-branes. The
simplest Wilson loop representing a trivial knot was included in the GV duality in [19],
and this was later generalized to links [20], framed knots [21], and algebraic knots [22].2
Recently, the string theory construction of the CS theory given in [18] was generalized
to the CS theory coupled to partially topological matter, by putting coisotropic 5-branes
on the deformed conifold in addition to the stack of N 3-branes [16]. The procedure
of coupling matter to a gauge theory living on a brane by adding a higher-dimensional
brane is familiar in conventional non-topological string theory. Exactly in this way one
can couple fundamental quarks to N = 4 SYM describing the low-energy dynamics of
D3-branes — one puts additional D7-branes in the background of a large stack of D3-
branes, adding 3-7 and 7-3 strings to the theory [24, 25]. In the case of the A-model
construction of the PTCSM theory, the fundamental matter dynamics is highly restricted
by the topologicity of the theory. The only structure on a 3-fold, besides its topology, that
this field theory is sensitive to, is the transverse holomorphic structure determined by a
transverse holomorphic foliation (THF) [16, 26–29]. We will review the construction of this
theory below.
In this paper we show how these coisotropic 5-branes go through the GV duality,
leading to a dual description of this PTCSM theory. We test the resulting duality by
computing the topological string vacuum amplitudes at the first subleading order in the
perturbative expansion in the string coupling gs, both on the resolved and the deformed
sides. The amplitude on the resolved conifold at the given order in gs corresponds to the disc
amplitude with a coisotropic boundary condition for the strings ending on the 5-branes.
On the deformed conifold, it corresponds to the annulus amplitude, with a Lagrangian
condition on one boundary of the annulus (ending on the 3-branes), and a coisotropic one
2A pedagogical review of the GV duality can be found in [23].
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on the other (ending on the 5-branes). We find an agreement between our results on both
sides, consistent with the duality.
In [16] a specific way to evaluate the partition function of the PTCSM theory on S3
was suggested, by mapping it to a computation of a 3d N = 2 CSM partition function.
We compare our topological string results to a direct evaluation of this partition function,
and we find similar results but with a small discrepancy, which we do not yet understand.
The organization of the paper is the following. In section 2 we give a brief review of
the topological A-model, both closed and open (with Lagrangian and coisotropic boundary
conditions). Section 3 reviews the main computational tool we use in our paper, which is
the equivariant localization technique for computing open Gromov-Witten (GW) invariants
(which gives the amplitudes we are interested in). In section 4 we review the GV duality
with Lagrangian 3-branes. These sections review known material, and readers who are
familiar with it, or are not interested in the technicalities of the computations we present,
may skip them. In section 5 we propose a generalization of the GV duality by adding
the 5-branes into the formalism, and describe the geometry of the brane setups on both
sides of the duality. Using the equivariant localization, we compute the annulus amplitude
on the deformed conifold, and the disc amplitude in the resolved conifold background, in
sections 6 and 7, respectively. In section 8 we briefly discuss higher order corrections to
this. Independently of the topological string computations, in section 9 we briefly review
the PTCSM theory constructed in [16], and we then compute the subleading term in the
large N expansion of the partition function of this theory living on S3. In section 10, we
discuss our results and propose directions in which our project may be continued.
2 A review of topological string theory
2.1 Closed A-model
As was mentioned in the Introduction, it is most convenient to consider the GV duality as
a geometric transition of the A-model topological string background. In this section, we
briefly review the closed A-model, following mostly [23, 30–32].
The worldsheet theory of the closed topological A-model is a two-dimensional topolog-
ical sigma-model [33] coupled to two-dimensional topological gravity [3, 34]. The sigma-
model has a Ka¨hler target space X with coordinates xI , where the spacetime index I can
be divided into holomorphic and anti-holomorphic parts I = (i, i). The only bosonic field
of the model is ΦI , which is the embedding of the worldsheet into the target spacetime
X. The fermionic fields are a section χ of Φ∗TX, and a one-form ρ, also taking values in
Φ∗TX. The worldsheet Grassmann one-form ρ is a self-dual field obeying the condition
that its (1, 0) part takes values in Φ∗T (0,1)X, while the (0, 1) part takes values in Φ∗T (1,0)X.
The dynamics of these fields is governed by the action [33, 35] 3
S = 2T
∫
Σg
d2z
[
1
2
gIJ∂zΦ
I∂zΦ
J + igijρ
i
zDzχ
j + igijρ
i
zDzχ
j −Riijjρizρizχjχj
]
. (2.1)
3One can also add a superpotential term to this action, but we will not need it in what follows.
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Here Σg is a Riemann surface of genus g, Riijj is the target space Riemann tensor, and T
is the string tension. This parameter introduces the mass dimension in the theory, and in
what follows will be usually put to 1. The covariant derivatives are the pullbacks of their
spacetime cousins
Dzχ
i = ∂zχ
i + ∂zΦ
jΓi
jk
χk, Dzχ
i = ∂zχ
i + ∂zΦ
jΓijkχ
k. (2.2)
The action (2.1) has the following BRST-like nilpotent symmetry Q with a Grassmann
parameter α:
δΦI = iα
{Q,ΦI} = iαχI ,
δχI = iα
{Q, χI} = 0,
δρiz = iα
{
Q, ρiz
}
= −α
[
∂zΦ
i + iχjΓi
jm
ρmz
]
,
δρiz = iα
{Q, ρiz} = −α [∂zΦi + iχjΓijmρmz ] .
(2.3)
There is also a U(1) ghost number symmetry, under which the fields Φ, χ and ρ have
charges 0, 1 and −1 respectively. The BRST operator Q has charge 1.
All observables of the A-model are restricted to the cohomology of Q
{Q,L} = 0, L ∼ L + {Q, l} , (2.4)
and the vacuum is Q-invariant, so the theory is a topological field theory of cohomological
type (or Witten type). The Q-cohomology is equivalent to the de Rham cohomology of
the target space X with the following identification:
OΛn = LI1···In (Φ)χI1 · · ·χIn ∼ LI1···In (x) dxI1 ∧ · · · ∧ dxIn . (2.5)
Thus, the Hilbert space of the theory is finite-dimensional. The fact that there is no local
dynamics can be understood easily, if one rewrites the action (2.1) in the following form:
S = {Q,V}+ T
∫
Φ∗ω, (2.6)
where ω is the Ka¨hler class of X, and
V = iT
∫
d2zgij
(
ρjz∂zΦ
i + ρiz∂zΦ
j
)
. (2.7)
We see that the local dynamics is Q-exact, and the only non-exact term in the action
(2.6) is topological, depending only on the cohomology class H2(X,Z). In particular, the
stress-energy tensor of the theory is
Tαβ = {Q, bαβ} ≡
{
Q, δ
δhαβ
V
}
, (2.8)
where hαβ is the worldsheet metric, which we put previously to be the unit matrix. The
Q-exactness of the non-topological term leads to its independence on T. Applying the
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usual considerations of supersymmetric localization [36], one can see that the path integral
localizes to the semiclassical minima of the action, namely to the holomorphic maps
∂zΦ
i = ∂zΦ
i = 0. (2.9)
The elementary field χI and the composite field bαβ play the same role in the A-model
as the ghosts cα and bαβ in the usual bosonic string theory [14]. The ghost U(1) symmetry
is in general anomalous, which means that the genus g correlation function 〈OL1 · · · OLn〉g
vanishes unless4
n∑
i=1
deg (OLi) = 2D (1− g) + 2
∫
Σg
Φ∗c1 (X) , (2.10)
where deg (OLi) is the degree of the differential form corresponding to the operator OLi , D
is the complex dimension of the target space, and c1 (X) is its first Chern class. Physically,
the most interesting target space is a Calabi-Yau 3-fold, which means that c1 (X) = 0. In
what follows, we restrict ourselves only to this case. For these manifolds, the selection rule
(2.10) states that the correlation function of three operators, corresponding to the target
space 2-forms, is in general non-vanishing at genus zero, and is of the form
〈OL1OL2OL3〉g=0 = (D1 ∩D2 ∩D3) +
∑
β
I0,3,β (L1,L2,L3)T
β. (2.11)
The first term corresponds to the trivial instanton sector, where the image of the worldsheet
sphere is a point in spacetime, and it represents a classical intersection number of the
divisors Di, which are in a one-to-one correspondence with the differential forms Li. We
also introduced the notation Tβ =
∏
i e
−niti , where β =
∑
i ni [hi], hi form a basis of the
homology group H2 (X), and ti are the symplectic volumes of the corresponding cycles hi
measured in units of T
ti =
∫
hi
(ω + iB) , i = 1, · · · , b2 (X) . (2.12)
The coefficients I0,3,β (L1,L2,L3) count the number of holomorphic maps from the sphere
to the target space, wrapping the cycle β, such that the insertion point of OLi is mapped
to Di, and can be written as
I0,3,β = GW0,β
∫
β
L1
∫
β
L2
∫
β
L3. (2.13)
Here GW0,β are the so-called Gromov-Witten (GW) invariants at genus 0, in the homology
class β. It is common to combine them into a free energy of the theory
F0(t) =
∑
β
GW0,βT
β. (2.14)
The selection rule (2.10) allows for a non-zero free energy F1(t) with no insertions for
g = 1, but all the higher-point correlation functions vanish. If g ≥ 2, all the correlators
4See [30, 31, 37] for a detailed discussion of the subject.
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are zero, including the free energy. This is because there is no holomorphic map from
Σg≥2 to the target space for a general worldsheet metric. In topological string theory, one
integrates over all the worldsheet metrics, coupling the sigma-model to topological gravity,
thus allowing for non-zero correlation functions for arbitrary g ≥ 0.
The coupling to worldsheet gravity in topological string theory is almost the same as
in the usual bosonic string theory [14, 38, 39], so we just follow a well-known procedure.
One defines the genus g free energy as
Fg =
∫
Mg
〈
6g−6∏
k=1
(b, µk)
〉
, (2.15)
where the vacuum expectation value (VEV) is taken with respect to the fields of the
topological sigma-model,Mg is the Deligne-Mumford compactification of the moduli space
of Riemann surfaces, µk are the Beltrami differentials (anti-holomorphic 1-forms on Σg with
values in T (1,0)Σg, spanning the space of infinitesimal deformations of the ∂-operator on
Σg, which is the tangent space to Mg), and
(b, µk) ≡
∫
Σg
d2z
[
bzz (µk)
z
z + bzz (µk)
z
z
]
. (2.16)
More geometrically, (b, µk) is an operator-valued (1, 0) ⊕ (0, 1) differential form on
Mg, so the expectation value of the product of (6g − 6) copies of (b, µk) corresponds to
integrating a top form over the moduli space. The ghost number of the aforementioned
top form is (6g − 6), so its insertion exactly cancels the first term on the right-hand side
of (2.10),5 allowing for non-zero correlation functions at higher genera. Remember that,
as we showed in (2.8), the field bαβ is a composite field in topological string theory. Since
in (2.15) one integrates also over embeddings of the worldsheet into the target space, it
is convenient to represent the expression for the free energy or some correlation function
with n insertions, not in terms of integrals over the moduli space of curves (possibly with n
marked points corresponding to the insertions)Mg,n, but in terms of their generalizations,
namely integrals over the moduli space of maps to the homology cycle β of the target space
X
Mg,n →Mg,n (X,β) . (2.17)
It is convenient to define a total free energy of the topological A-model with coupling
gs as
F(gs, t) =
∞∑
g=0
g2g−2s Fg(t) =
∞∑
g=0
g2g−2s GWg,βT
β, (2.18)
where we introduced the higher genus generalization of the GW invariants GWg,β.
These invariants are defined as [35, 40]
GWg,β =
∫
Mg(X,β)
e (V) . (2.19)
5The case of g ≤ 1 is special, because the virtual dimension of the moduli space does not coincide with
the actual one for these genera.
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Here e (V) is the top Euler class of the bundle V, formed by the zero modes of ρ
Dzρ
i
z = Dzρ
i
z = 0 (2.20)
over the moduli space Mg,n=0 (X,β).
2.2 Open strings, branes and boundary conditions
Let us next review the open topological A-model and the corresponding boundary condi-
tions, which we need in order to formulate the Gopakumar-Vafa duality, following [41–45].
2.2.1 Open topological sigma-model
A generalization of the sigma-model considered above is a worldsheet theory with bound-
aries, corresponding to a target space with D-branes. In order to take boundaries of the
worldsheet into account, one must replace the covariant derivatives in the action (2.1) as
D→ 12
↔
D, and couple the theory to the gauge field on the brane via [14]∫
DΦDχDρ exp (−S [Φ, χ, ρ])
∏
i
Tr
[
Pˆexp
(∮
Ki
Φ∗Ai
)]
, (2.21)
where Ai is a U(Ni) gauge connection living on the i’th stack of Ni D-branes, Ki is an
i’th boundary of the worldsheet, and Pˆ is the path-ordering operator. One can also couple
the theory to the NS-NS two-form field B by complexifying the Ka¨hler class in (2.6) as
ω → ω + iB.
2.2.2 Boundary conditions
By requiring BRST invariance of the action coupled to the gauge field (2.21), one can
deduce the possible brane geometries and the corresponding gauge field configurations
living on these branes. It appears that for the most interesting case of a Calabi-Yau 3-fold,
there are essentially two possibilities: 3-branes [14] and 5-branes [42, 43].6 For simplicity,
we consider the case of a U(1) gauge field (a single brane). As always in string theory,
in the case of a single brane, the worldsheet dynamics, and thus the brane dynamics, is
sensitive only to F = B|Y + F , where |Y means the restriction of the spacetime field B to
the worldvolume of the brane Y , and F is the field strength of the U(1) gauge field A
F = dA. (2.22)
A 3-brane configuration must obey the following conditions:
σ = 0, F = 0, (2.23)
where we defined σ = ω|Y . This means that a 3-brane must wrap a Lagrangian submanifold
with a flat connection. For a 5-brane, one has
F ∧ F = σ ∧ σ, F ∧ σ = 0. (2.24)
6See [37] for a comprehensive review.
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To preserve a topological symmetry on the worldsheet with boundary, one must also
impose boundary conditions on the worldsheet fields Φ, χ and ρ. To make the corresponding
formulae shorter, we introduce the notation Ψ defined by
χi = Ψi+, χ
i = Ψi−, ρ
i
z = Ψ
i
−, ρ
i
z = Ψ
i
+. (2.25)
The boundary conditions can then be written as [41, 42]
∂Φ = R
(
∂Φ
)
, Ψ+ = RΨ−, (2.26)
where R is a matrix, whose form depends on the dimensionality of the brane. For a 3-brane,
it is
RL = −INY ⊕ ITY , (2.27)
and for a 5-brane
RC = −INY ⊕ (G− F)−1 (G+ F) . (2.28)
Here INY and ITY are identity matrices in the orthogonal and tangential directions to the
brane respectively, and G = g|Y .
As shown in [42, 43], the topological 5-branes in the A-model must be coisotropic
manifolds admitting a THF structure, defined below.
A submanifold Y of a Ka¨hler manifold X is called coisotropic if at any point p ∈ Y ,
the complement T⊥Yp of TYp with respect to the Ka¨hler form ω is contained in TYp. There
is also an equivalent definition: a submanifold Y is coisotropic if the restriction of ω to Y ,
which we denoted by σ, has a constant rank,7 and its kernel LY ⊂ TY is an integrable
distribution, which means that the commutator of any two vector fields in LY is also in
LY . The vectors V ∈ LY generate the foliation structure: the leaves are given by orbits of
V. The dimension of the leaves is equal to the codimension of Y in X, giving dim(LY ) = 3
for a 3-brane, and dim(LY ) = 1 for a 5-brane. Note that it implies that a 5-brane in
a 6-fold is always coisotropic, with a complement T⊥Y coinciding with V. One usually
calls LY the tangent bundle of the foliation, and the quotient FY = TY/LY is called the
normal bundle of the foliation.
2.2.3 Transverse holomorphic structure
A coisotropic brane must also support a non-trivial gauge bundle with field strength F
obeying (2.24), for which one has
ıVF = ıVσ = 0. (2.29)
The foliation generated by V must be a THF,8 if one wants to wrap a 5-brane on Y .
This means that Y may be covered by a set of coordinate charts (τi, ui, ui, vi, vi), which
transform as
τj = τj + ϑj (τi, ui, ui, vi, vi) , uj = uj (ui, vi) , vj = vj (ui, vi) (2.30)
7Note that a Lagrangian 3-brane is a particular case of a coisotropic brane with rank(σ) = 0.
8See [46–51] for a mathematical review.
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with real functions ϑj as one goes from one chart to the other. The coordinate τ parameter-
izes the integral curves of the vector field V.9 There is a complex structure J = (σ|FY )−1 F
induced on the 2-complex-dimensional manifold FY ,10 in which Ωˆ = F + iσ|FY is a (2, 0)
form. Note that it is different from the complex structure induced on FY by the target
space Ka¨hler form ω and the metric g, which is given by I = G−1σ|FY .
The fields σ and F have the following coordinate expansions in the complex structure
J :
σ = σuvdu ∧ dv + σuvdu ∧ dv,
F = Fuvdu ∧ dv + Fuvdu ∧ dv.
(2.31)
Substituting these expressions into (2.24), one gets
Fuv = iωuv, Fuv = −iωuv. (2.32)
Note that when a coisotropic brane touches a Lagrangian cycle, the restriction of the field
F on the cycle vanishes, which must be the case in order to define the CS theory on the
Lagrangian 3-brane.
Generalizing our discussion of the closed A-model in section 2.1, we come to the con-
clusion that only holomorphic maps with boundaries on the branes contribute to the open
A-model amplitudes. This means that the boundaries of holomorphic maps ending on the
coisotropic brane must belong to the orbits of the vector field V, because only in that case
the image of the worldsheet is a holomorphic surface. To get a finite contribution, one has
to further restrict the boundary to the closed orbits of V [16, 45].
The observables of the topological A-model are given by the cohomology of the follow-
ing operator [52]:
D = d‖ + ∂⊥, (2.33)
where d‖ and ∂⊥ are the usual de Rham and Dolbeault operators acting in the LY and
FY directions, respectively. In the case of a Lagrangian brane, where FY = {pt}, one is
left with D = d, directly generalizing the closed string observables we discussed.
2.2.4 Free energy
In topological string theory, we are mostly interested in worldsheet images of two topological
types. The first is the topology
∑
iCP
1
i ∪
∑
j Dj , where Dj are discs, and CP
1
i are 2-spheres
wrapping the non-trivial 2-cycles in the target space. The discs are attached to the spheres
at the points (this attachment is usually denoted by ∪), so the worldsheet is singular.
This allows the spheres and the discs to be wrapped a different number of times. The
generalization of the free energy (2.18) to this case has the form
F (gs) =
∑
g,h,~d, ~w
g2g+h−2s GW
~d,~w
g,h
∏
~d
e−diti
∏
~w
e−wjSjTr(V wjj ). (2.34)
9This definition can be generalized straightforwardly to manifolds of any odd dimensionality — for
example, in what follows, we will need also three-dimensional manifolds admitting a THF.
10For a general action generated by V, the space FY is singular and is not a manifold.
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Here h is the number of disc components of the worldsheet Riemann surface Σg,h, whose
boundaries must be mapped to the branes’ worldvolumes in the target space, g is the
total genus of the irreducible domain components contracted to points in the target space
X under the embedding Φ, ti are the complexified volumes of a basis of the homology
group H2 (X) to whom the non-contracted 2-spheres get mapped, Vj are the holonomies
of the gauge fields along the target space images of the worldsheet boundaries, Sj are the
symplectic volumes of the discs in the target space, and di and wj are the corresponding
degrees and winding numbers. We introduced the notation ~d =
(
d1, ..., db2(X)
)
and ~w =
(w1, ..., wh) for brevity.
The second type of worldsheets we need is the sum of annuli Ci, for which the free
energy is
F(gs) =
∑
g,h, ~w
g2g+2h−2s GW
~w
g,h
∏
~w
e−wjSjTr(V wjj )Tr(U
wj
j ), (2.35)
where h is the number of annuli, g is again the total genus of contracted irreducible world-
sheet components, Vj and Uj are the holonomies of the gauge fields along the two bound-
aries of each annulus, and Sj are the annuli symplectic volumes. Here we assume that the
worldsheet does not wrap any 2-cycles in the target space.
If some of the branes are compact, and thus dynamical, one must replace the corre-
sponding holonomies in (2.34) and (2.35) as
Tr(V
wj
j )→
〈
Tr(V
wj
j )
〉
, (2.36)
where the VEVs are computed in the effective field theories on the branes, governing the
dynamics of the gauge fields.
The open GW invariants above are defined similarly to the closed string case (2.19)
GW
~d,~w
g,h =
∫
M~d,~wg,h (X,Y )
e (V) . (2.37)
3 A review of open Gromov-Witten invariants from equivariant localiza-
tion
In this section we review the equivariant localization technique. It was first developed for
the case of closed Riemann surfaces in [53, 54], and generalized to open ones in [55–57].
The method was applied to coisotropic branes in [58].11 We will closely follow [22] in our
discussion.
In contrast to the closed GW invariants,12 there is no mathematically rigorous defi-
nition of the open GW invariants even for the Lagrangian boundary conditions, and the
definition currently available is purely computational. We assume that analogous open
string modification works also for coisotropic boundary conditions.
11The results obtained there are somewhat different from our result, because of different reality conditions
imposed on the worldsheet fermions. We discuss this issue in section 6.2.
12See [37] for a detailed discussion.
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The equivariant localization can be applied when the configurations of the branes, the
gauge fields, and the image of the worldsheet in the target space are invariant under the
action of some group G. Then, the integrals over the moduli space of maps M~d,~wg,h (X,Y )
can be reduced only to those maps whose images are fixed under G. In the problem under
consideration, the group is G = U(1),13 so in what follows we consider only this particular
case.
The general form of the main formula of the equivariant localization machinery, the
Atyiah-Bott fixed point formula, is∫
M~d,~wg,h (X,Y )
φ =
∑
i
∫
Fi
i∗Fiφ
eG (NFi)
, (3.1)
where the sum runs over the fixed loci Fi of the group action, φ is any top form on the
moduli space, iFi is the embedding of the fixed locus Fi into the moduli space, and eG(NFi)
is the G-equivariant top Euler class of the bundle normal to Fi in M
~d,~w
g,h (X,Y ).
In the resolved conifold geometry, the image of the worldsheet
Σ = CP1Σ ∪ν ∆ (3.2)
in the target space X is
Φ (Σ) = CP1X ∪Φ(ν) D. (3.3)
Here ν is a simple node, at which the source disc ∆ is attached to the source 1-cycle
CP1Σ, and D = Φ (∆) is a holomorphic disc. Remember that one can apply the equivariant
localization only if all irreducible components of Φ (Σ) are fixed under the action of G = C×.
Maps of this type can be represented as decorated graphs consisting of vertices, edges,
and legs [53, 54, 57]. The vertices v correspond to the contracted genus gv components of
the domain Σ, which must be mapped to the fixed points of the group action. The edges
joining the vertices symbolize the CP1Σ’s, which are not contracted, and are labeled by the
degree de of the map CP1Σ → CP1X . Finally, the legs emanating from the vertices stand
for the disc components D = Φ (∆), which are attached to CP1X ’s at the nodes, and are
labeled by the winding wl. In our problem, we are interested in tree-level diagrams, which
means that g = 0.
The GW invariant of the map corresponding to the graph Γ can be computed as
GW
~d,~w
g,h =
∑
Γ
1
|AΓ|
∫
MΓ
i∗MΓe (V)
eG (NMΓ) , (3.4)
where the sum is over disconnected graph Γ components, MΓ ⊂M
~d,~w
g,h (X,Y ) corresponds
to the graph Γ, and |AΓ| is the order of the graph automorphism group.
The worldsheet topology we are interested in in the dual deformed conifold geometry
is simpler, namely it is a non-singular annulus C. There is no room for singularities on this
13More precisely, G is a non-compact version of U(1), namely C×.
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side of the duality, because there are no 2-cycles on the deformed conifold, which could be
wrapped by irreducible worldsheet components of CP1 topology, and be connected to the
rest of the worldsheet image at some point.
To proceed, we recall the definition of the tangent-obstruction sequence. For a map Φ
from the Riemann surface Σ to the target space X, there is an exact sequence of sheaves
0 −→ TΣ −→ Φ∗TX −→ NΣ −→ 0, (3.5)
where NΣ is a bundle normal to the image of Σ in X under Φ. This sequence induces a
corresponding long exact sequence on the Cˇech cohomology
0 −→ H0 (Σ, TΣ) −→ H0 (Σ,Φ∗TX|∂Σ) −→ H0 (Σ, NΣ|∂Σ)
−→ H1 (Σ, TΣ) −→ H1 (Σ,Φ∗TX|∂Σ) −→ H1 (Σ, NΣ|∂Σ) −→ 0.
(3.6)
All terms in this sequence can be interpreted as infinitesimal automorphisms, deformations
and obstructions to deformations for Σ and Φ.
The bundle TΣ is related to the deformations of Σ; namely H0 measures infinitesimal
automorphisms, H1 measures infinitesimal deformations, and H2 ≡ 0 measures obstruc-
tions to deformations (so all deformations are unobstructed). The bundle NΣ is related
to the deformations of the map Φ; H−1 ≡ 0 measures infinitesimal automorphisms, H0
measures deformations, and H1 measures obstructions. The bundle Φ∗TX is related to
the deformations of the map Φ, where the structure of the source curve Σ is held fixed;
H−1 ≡ 0 measures infinitesimal automorphisms, H0 measures deformations, and H1 mea-
sures obstructions. This allows us to rewrite (3.6) as
0 −→ Aut(Σ) −→ Def(Φ) −→ Def (Σ,Φ)
−→ Def(Σ) −→ Obs(Φ) −→ Obs (Σ,Φ) −→ 0. (3.7)
It follows from this sequence that in the representation ring of G
Obs (Σ,Φ)−Def (Σ,Φ) = Aut(Σ) + Obs(Φ)−Def(Σ)−Def(Φ). (3.8)
If there are marked points on the Riemann surface, which correspond to operator insertions,
or nodes at which two irreducible parts of the curve are connected, the tangent-obstruction
sequence gets naturally generalized to
0 −→ Aut (Σ, p1, · · · , pn) −→ Def(Φ) −→ Def (Σ, p1, · · · , pn,Φ)
−→ Def (Σ, p1, · · · , pn) −→ Obs(Φ) −→ Obs (Σ, p1, · · · , pn,Φ) −→ 0.
(3.9)
As already mentioned, we are most interested in Σ and Φ (Σ) of the topology Sphere∪
Disc, so the moduli space over which we integrate in order to get the GW invariants is
Md,wg=0,h=1 (X,Y ), where w measures the winding of the map Φ (Disc), and d counts the
degree of Φ (Sphere). In order to relate the cohomology groups appearing in (3.8) to the
ones corresponding to irreducible components of the worldsheet, we use the sequence
0 −→ OCP1Σ∪ν∆ −→ OCP1Σ ⊕O∆ −→ Oν −→ 0, (3.10)
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inducing a long exact sequence on cohomology
0 −→ Def(Φ) −→ H0 (∆,Φ∗T∆,R)⊕Def
(
CP1X
) −→ TΦ(ν)X
−→ Obs(Φ) −→ H1 (∆,Φ∗T∆,R)⊕Obs
(
CP1X
) −→ 0. (3.11)
Here T∆,R is the sheaf of germs of holomorphic sections of the bundle T (1,0)X|D with the
boundary condition specified by the matrix R, given either by (2.27) or (2.28). It gives the
two following relations in the representation ring of G = C×:
Obs (Φ)f −Def (Σ)f =H1 (∆,Φ∗T∆,R)f −H0 (∆,Φ∗T∆,R)f
+ Obs
(
CP1X
)f −Def (CP1X)f , (3.12)
and
Obs (Φ)m −Def (Σ)m =H1 (∆,Φ∗T∆,R)m −H0 (∆,Φ∗T∆,R)m
+ Obs
(
CP1X
)m −Def (CP1X)m + TΦ(ν)X, (3.13)
where the superscripts f and m denote the fixed and moving parts of the corresponding
bundles with respect to the action of G.
Let us parameterize the source disc ∆ by a complex coordinate t, such that |t| ≤ 1,
and such that the origin connected to CP1Σ at ν corresponds to t = 0. The automorphism
group of the disc Aut (∆, 0) consists of the infinitesimal automorphisms preserving the
origin, which are generated by the following section s:
s = t∂t. (3.14)
Therefore, Aut (∆, 0)m is trivial, and Aut (∆, 0)f = R.14 Using also
Aut (Σ)m = Aut
(
CP1Σ, ν
)m
+ Aut (∆, 0)m ,
Aut (Σ)f = Aut
(
CP1Σ, ν
)f
+ Aut (∆, 0)f ,
Def (Σ)f = Def
(
CP1Σ, ν
)f
,
Def (Σ)m = Def
(
CP1Σ, ν
)m
+ TνCP1Σ ⊗ T0∆,
(3.15)
one gets
Obs (Σ,Φ)f −Def (Σ,Φ)f =H1 (∆,Φ∗T∆,R)f −H0 (∆,Φ∗T∆,R)f
+ Obs
(
CP1X
)f −Def (CP1X)f
+ Aut
(
CP1Σ, ν
)f −Def (CP1Σ, ν)f
+ Aut (∆, 0)f ,
(3.16)
and
Obs (Σ,Φ)m −Def (Σ,Φ)m =H1 (∆,Φ∗T∆,R)m −H0 (∆,Φ∗T∆,R)m
+ Obs
(
CP1X
)m −Def (CP1X)m
+ Aut
(
CP1Σ, ν
)m −Def (CP1Σ, ν)m
+ Aut (∆, 0)m − TνCP1Σ ⊗ T0∆.
(3.17)
14Note that this is the case also for the annulus.
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The last equation gives the following relationship between the two normal bundles
eG (NMΓ) and eG (NMΓ′) (where Γ′ is the graph for the closed curve with the disc ‘leg’
removed, i.e. the map associated to CP1Σ with one marked point):
NMΓ = NMΓ′ − TΦ(ν)X +RL−1 −H1 (∆,Φ∗T∆,R)m −H0 (∆,Φ∗T∆,R)m , (3.18)
where R is the representation of G on T0∆ = C, induced by the pullback of the G action
on D, and L is the tautological cotangent line bundle on the moduli space, associated to
the marked point ν.
Collecting all the above considerations, and taking into account that for the case of
Σ = CP1Σ ∪ν ∆, the graph Γ consists of one leg corresponding to D = Φ (∆), one edge
corresponding to CP1X = Φ
(
CP1Σ
)
, and two vertices corresponding to the two poles of
CP1, at one of which the disc is attached, and that the order of the automorphism group
generated by t→ ζt, with ζ being a w-th root of unity, is |AΓ| = w, one finally gets
GWd,w0,1 =
1
w
∫
MΓ
i∗MΓe (V)
eG (NMΓ) =
1
w
∫
MΓ
emG
(
H1 (Σ,Φ∗TX|∂Σ)
)
emG
(
H0 (Σ, TΣ)
)
emG (H
0 (Σ,Φ∗TX|∂Σ)) emG (H1 (Σ, TΣ))
=
1
w
emG
(
H1 (∆,Φ∗T∆,R)
)
emG (H
1 (∆,Φ∗T∆,R))
∫
MΓ′
eG
(
TΦ(ν)X
)
eG (NMΓ′) eG (RL−1) .
(3.19)
The expression for the GW invariants for the annulus amplitude, which we are inter-
ested in on the deformed conifold side of the duality, is simpler, because the worldsheet
topology is non-singular in this case. This means that if there is a unique G-invariant
holomorphic cylinder ending on the closed leaf of the THF on the 5-brane, the moduli
space reduces just to a point for every value of w, and one is left with
GWw0,2 =
1
w
emG
(
H1 (C,Φ∗TX|∂C)
)
emG
(
H0 (C, TC)
)
emG (H
0 (C,Φ∗TX|∂C)) emG (H1 (C, TC))
. (3.20)
Note that the equivariant Euler classes of the vector bundles are given by products of non-
trivial C×-weights of the basis vectors [53, 54]. For closed GW invariants, all the weight
dependence cancels, but open GW invariants have some residual weight dependence, which
can be mapped under the GV duality to the framing dependence of the Wilson loops in
the CS theory [21].
There is a subtlety in the evaluation of the GW invariants via equivariant localization
that we should mention. As one works only with a subsetMΓ ⊂M fixed under the action
of G, one loses the information about global properties of the moduli space, in particular
an orientation, so the localization computations give an answer for GW
~d,~w
g,h modulo an
overall sign depending on g, h, ~d and ~w. Sometimes, the sign can be deduced from the
gauge/gravity duality or from mirror symmetry [59, 60].
4 Gopakumar-Vafa duality with Lagrangian branes
4.1 A review of Chern-Simons gauge theory and its observables
In this subsection we review the gauge theory side of the GV duality, namely the CS theory
[18]. We follow the pedagogical review [23].
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The dynamics of a U(N) CS theory living on a manifold M is governed by the action
SCS [A] = i
k
2pi
∫
M
Tr
[
1
2
A ∧ dA+ 1
3
A ∧A ∧A
]
. (4.1)
As the action does not depend on the metric on M , there are no local observables in the the-
ory. The only observables are the partition function, defining the topological Reshetikhin-
Turaev-Witten invariant of M
ZCS (M) =
∫
DAe−SCS [A], (4.2)
and the Wilson loops and their products, corresponding to the knot and link invariants of
M
WR1···RL =
〈
WK1R1 · · ·W
KL
RL
〉
=
1
ZCS (M)
∫
DAe−SCS [A]WK1R1 · · ·W
KL
RL
, (4.3)
where
WKR (A) = TrR
[
Pˆexp
(∮
K
A
)]
. (4.4)
Here R is a representation of the gauge group G, K is a knot along which the holonomy is
computed, and Pˆ is a path-ordering operator. All knots are taken to be oriented.
The simplest invariant of a link L consisting of two knots K1 and K2 is the so-called
linking number
lk (K1,K2) = 1
2
∑
p
 (p) , (4.5)
where the sum is over all crossing points, and  (p) = ±1 is a sign associated to the crossings.
This definition can be easily generalized to a link, consisting of an arbitrary number L of
knots Kα with α = 1, · · · , L, by
lk (L) =
∑
α<β
lk (Kα,Kβ) . (4.6)
One way to do computations in CS theory is to use standard perturbation theory. As
usual, one starts with finding the classical solutions to the equations of motion for the
gauge field A = AaµT
adxµ,
δSCS
δAaµ
= i
k
4pi
µνρF aνρ = 0, (4.7)
which are simply the flat connections on the manifold M . Flat connections are in one-to-one
correspondence with group homomorphisms
pi1 (M)→ G. (4.8)
We are most interested in the manifold M = S3, which has trivial fundamental group, so
there is just one classical solution corresponding to Aaµ = 0. In what follows, we restrict
ourselves only to this case.
In order to define the VEV of the Wilson loop at the quantum level, one has to
introduce a dependence of WKR on an integer number, called framing. The easiest way to
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see where it comes from is to consider the Abelian CS theory, namely to take G = U(1).
Evaluation of the correlation function of the Wilson loops corresponding to different knots
Kα and Kβ, leads at the leading order in perturbation theory to the following integral:
1
4pi
∮
Kα
dxµ
∮
Kβ
dyνµνρ
(x− y)ρ
|x− y|3 . (4.9)
The result is precisely equal to lk (Kα,Kβ), which is a topological invariant, i.e. it is
invariant under smooth deformations of Kα and Kβ. On the other hand, when Kα = Kβ =
K, we obtain the integral
φ (K) = 1
4pi
∮
K
dxµ
∮
K
dyνµνρ
(x− y)ρ
|x− y|3 , (4.10)
which is finite, but is not invariant under deformations of K. In order to preserve the
topological invariance, one has to modify the definition of the self-linking number. This
procedure introduces the framing p by replacing lk (K,K) with lk (K,Kp), where Kp is a
knot which winds p times around K.15 The generalization to non-Abelian gauge groups is
straightforward but cumbersome.
The VEV of the link L consisting of knots K1, · · · ,KL with framings p1, · · · , pL, differs
from the same link with trivially framed knots corresponding to p1 = · · · = pL = 0 by an
overall factor
W p1,··· ,pLR1···RL = e
2pii
L∑
α=1
pαhRα
W 0,··· ,0R1···RL . (4.11)
Here hRα is a group theoretical factor, which for the most interesting case of G = U (N)
has the form
hR =
1
2
TrR (T
aT a)
k +N
. (4.12)
An important quantity in the formalism of the GV duality is the generating function
of the Wilson loops in arbitrary representations R.16 In order to construct this, let us start
by defining a new basis for the Wilson loop operators, labeled by conjugacy classes of the
symmetric group. Let us denote a specific U(N) holonomy by U . Let ~k = (k1, k2, · · · ) be
a vector of infinite entries, almost all of which are zero. We also introduce its norm as
|~k| =
∑
j
kj . (4.13)
This vector defines naturally a conjugacy class C(~k) of the symmetric group Sl with
l =
∑
j
jkj . (4.14)
The class C(~k) has kj cycles of length j.
15In order to work with torus knots, one formally defines a rational framing [61], and even an irrational
one may be considered [16].
16In what follows, we work with the gauge group U (N), but in principle one can also consider O (N) and
USp (N) groups.
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Next we introduce the operator
Υ~k (U) =
∞∏
j=1
(
Tr(U j)
)kj , (4.15)
which is the Wilson loop operator in the conjugacy class basis. This operator is a linear
combination of the operators TrR(U) labeled by representations R,
Υ~k (U) =
∑
R
χR(C(~k))TrR(U). (4.16)
Here χR(C(~k)) is the character of the representation R of the group Sl, evaluated in the
conjugacy class C(~k). One can also invert this relation,
TrR(U) =
∑
~k
χR(C(~k))
z~k
Υ~k (U) , z~k ≡
∏
j
kj !j
kj . (4.17)
We denote the expectation value of (4.16) by
W~k =
〈
Υ~k (U)
〉
. (4.18)
One can introduce another generating function, called the Ooguri-Vafa operator [19],
by introducing a U (M) source matrix V , and defining
Z (U, V ) = exp
[ ∞∑
w=1
1
w
Tr(Uw)Tr(V w)
]
= 1 +
∑
~k
1
z~k
Υ~k (U) Υ~k (V ) , (4.19)
which includes (if we consider all possible values of M) the Wilson loops in all possible
representations. The vacuum expectation value ZCS (V ) = 〈Z (U, V )〉 contains information
about the VEVs of the Wilson loop operators, and by taking its logarithm, one can define
the connected vacuum expectation values W
(c)
~k
as
FCS (V ) = log(ZCS (V )) =
∑
~k
1
z~k!
W
(c)
~k
Υ~k (V ) . (4.20)
4.2 Duality to the topological string theory
In this subsection we review the string theory description of the GV duality and the map
between observables, following mostly [22] and [23].
We first recall how to represent the CS theory on S3 as the topological A-model on
the deformed conifold Xd = T
∗S3. The deformed conifold may be defined as the subspace
of C4 parameterized by X, Y, Z and W17
XY − ZW = µ2, µ ∈ R. (4.21)
The Ka¨hler form ω|Xd on T ∗S3 is given by the restriction of
ωd = i
(
dX ∧ dX + dY ∧ dY + dZ ∧ dZ + dW ∧ dW) (4.22)
17See [17] for a detailed discussion of S2 × S3 conifolds.
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to the conifold via (4.21).
The zero section of T ∗S3,
Y = X, W = −Z, XX + ZZ = µ2, (4.23)
is a Lagrangian submanifold. Thus, one can put a stack of 3-branes on it. A direct
computation in topological string field theory [14] shows that only the zero modes ΦI0 and
χI0 of the worldsheet fields Φ
I and χI contribute to the dynamics,18 and the only relevant
term in the expansion of the string field Ψ is
Ψ = χI0AI
(
ΦJ0
)
. (4.24)
The full string field theory action
S =
1
gs
∫
Tr
[
1
2
Ψ ? QBΨ +
1
3
Ψ ?Ψ ?Ψ
]
(4.25)
then reduces to a U(N) CS action with the dictionary
Ψ→ A, QB → d, ?→ ∧,
∫
→
∫
S3
, gs = −i 2pi
k +N
. (4.26)
This result is valid if there are no finite size instantons in the background. In the case
of a stack of branes wrapping the zero section of T ∗M , there are no instantons [14], but
for more general configurations they can appear. Let us consider a Calabi-Yau manifold X
together with some Lagrangian submanifolds Li ⊂ X, with Ni 3-branes wrapped over Li.
In this case, the spacetime description of topological open strings has two contributions.
First of all, we have the contributions of degenerate holomorphic curves. These are cap-
tured by U(Ni) CS theories on the manifolds Li, following the same mechanism that we
described for T ∗S3. However, for a general Calabi-Yau X, we may also have open string
instantons contributing to the spacetime description, which are embedded holomorphic
Riemann surfaces with boundaries ending on the Lagrangian submanifolds Li. An open
string instanton β intersects the Li along one-dimensional curves Ki, which are in general
knots inside Li. We know from (2.21) that the boundary of such an instanton gives the
Wilson loop insertion in the spacetime action. The spacetime action thus has the form
S =
∑
i
SCS (Ai) +
∑
β
e−
∫
β ω
∏
i
Tr
[
Pˆexp
(∮
Ki
Ai
)]
, (4.27)
where we rescaled ω → ω/T (where T is the string tension). These instanton correc-
tions are crucial for the GV duality to work, and they will play an important role in our
generalization.
It is well known [17] that there is a geometric transition preserving the asymptotic
form of T ∗S3. As we mentioned in the Introduction, the manifold T ∗S3 can be thought as
an S2 × S3 conifold with a non-vanishing S3 at the tip. The geometric transition in this
18The 1-form field ρIz,z is a conjugate to χ
I in the canonical formalism, so does not enter the string field.
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geometry is done in two steps: shrinking the non-vanishing 3-cycle to zero, and blowing
up the vanishing S2. The second step is called ‘resolution’ of the singularity. In this new
geometry there are no Lagrangian cycles, and thus there cannot be any 3-branes, while
there is now a non-trivial 2-cycle that closed strings can wrap. It is natural to guess,
given our understanding of the AdS/CFT correspondence, that these backgrounds with
and without branes are equivalent, and this was first conjectured in [11].
In order to prove the GV duality, one has to prove an equality of the partition functions
of a U(N) CS theory on S3 and the topological string A-model on the resolved conifold
O (−1) ⊕ O (−1) → CP1, and then map also the Wilson loop observables. The partition
function of the topological A-model on the resolved conifold was first computed in [62, 63],
where the embedding of topological strings into eleven-dimensional M-theory was used. It
was shown that this partition function is indeed equal to the partition function of a U(N)
CS theory on S3, if one identifies the rank of the gauge group N , and the CS level k, with
the string coupling gs,
19 and with the symplectic volume of the resolved 2-cycle tr, as
gs = −i 2pi
k +N
,
tr ≡
∫
S2
(ω + iB) = −i 2piN
k +N
.
(4.28)
Next we review how to include the Wilson loops of the CS theory into the GV duality.
We first show how to incorporate them into the A-model on T ∗S3, following [19]. A knot
K is given by q (s) ∈ S3, s ∈ [0, 2pi). One associates a non-compact Lagrangian manifold
L to each knot as follows. At each point q(s) on the loop, we consider the 2-dimensional
subspace T ∗q S3 of the phase space T ∗S3, which is the cotangent space to S3 at the point
q, spanned by the momenta p orthogonal to dqds . By doing this all along the loop, we can
define a 3-cycle with the topology R2 × S1 as the union of these subspaces,
L =
{
(q (s) , p)
∣∣∣∣∣ pidqids = 0, 0 ≤ s < 2pi
}
. (4.29)
Now let us wrap M 3-branes on this cycle. We then have a U(M) CS theory on L,
along with a U(N) CS theory on S3. Let us denote the gauge field living on S3 as A,
and the one living on L as A. There is also an additional sector of bi-fundamental strings
stretched between the two stacks of branes, localized to their one-dimensional intersection.
It has the following action [19]:
S =
∫
K
φ (d+A−A)φ. (4.30)
The worldsheets of the bi-fundamental strings can be considered as holomorphic instantons
with the topology of the annulus, having zero width. After integrating out the field φ, one
is left with the following insertion in the path integral over the gauge field A:
Z (U, V ) = exp
[ ∞∑
w=1
1
w
Tr(Uw)Tr(V w)
]
, (4.31)
19Note that the string coupling stays the same after the geometric transition.
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where U and V are the path-ordered holonomies along q (s) of A and A, respectively.
Since the branes wrapping L are non-compact, one can consider them as a non-
dynamical probe. Their only mission is to ‘pull’ the holonomy V from infinity, where
it is fixed as a boundary condition (the CS action on L guarantees that V is equal to
the holonomy of A at infinity). Note that the operator (4.31) exactly coincides with the
expression (4.19) that we obtained for the generating function of the Wilson loops in all
representations in the CS theory, which completes the dictionary between the CS theory
on S3 and the topological A-model on T ∗S3.
There is also an alternative derivation of the A-model partition function from the
annulus worldsheet perspective, which uses the machinery of the equivariant localization
that was discussed in detail in section 3.20
In order to take the Wilson loops into account on the closed string side, one has to
push the non-compact 3-branes through the geometric transition. This procedure may
seem non-trivial, because when the S3 at the tip of the conifold vanishes, the stack of
non-compact branes L becomes singular, so in order to proceed, we should smoothen the
brane singularity somehow. Such a smoothing can be done by lifting the non-compact cycle
L off the zero section of T ∗S3. Such a lift exists [22], because the dimensionality of the
moduli space of L equals the dimensionality of H1 (L), which for the cycle of the R2 × S1
topology, is obviously equal to 1. It turns the bi-fundamental string worldsheet into a finite
size cylinder C, modifying the operator Z (U, V ) to
Z (U, V ) = exp
[ ∞∑
w=1
e−wSC
w
Tr(Uw)Tr(V w)
]
, (4.32)
where SC is the symplectic volume of C.
After the lift is done, the image of the cycle L under the geometric transition to the
resolved conifold, can be easily found. The dual cycle is given by the same equation as
L, but now the coordinates X, Y, Z and W must be considered as parameterizing not
the embedding of the deformed conifold T ∗S3 into C4, but the following embedding of the
resolved conifold O (−1)⊕O (−1)→ CP1 into C4 × CP1:
Xλ1 + Zλ2 = 0,
Wλ1 + Yλ2 = 0,
(4.33)
where X,Y,Z,W parameterize C4, while λ1 and λ2 are homogeneous coordinates on CP1.
There is no compact stack of 3-branes on the resolved side of the duality, and thus no
holomorphic cylinders, but there are holomorphic discs ending on L, which do not exist on
the deformed side. The equality of the cylinder amplitudes on the deformed conifold and
the disc amplitudes on the resolved conifold is the main statement of the GV duality, and
it was checked for a wide class of knots (and corresponding Lagrangian cycles L) [22].
20See [64, 65] for examples of such computations.
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5 Adding topological matter fields and their duality
In this section we generalize the GV duality by adding 5-branes to the duality of section
4, giving extra matter fields coupled to the CS theory in a partially topological manner.
For simplicity we discuss a single 5-brane (here and in the remainder of this paper) but
the generalization to more than one brane is trivial.
5.1 Open string side
On the open string side, on which there are N 3-branes wrapping the zero section of the
deformed conifold Xd, the coupling to the topological matter was described in [16].
As we discussed in section 4, the deformed conifold is the subspace of C4 parameterized
by X, Y, Z and W
XY − ZW = µ2, µ ∈ R. (5.1)
The Ka¨hler form ωd|Xd on T ∗S3 can be chosen to be the restriction of
ωd = i
(
dX ∧ dX + dY ∧ dY + dZ ∧ dZ + dW ∧ dW) (5.2)
to Xd, and we have N 3-branes wrapping the base of the conifold
Y = X, W = −Z, XX + ZZ = µ2. (5.3)
We would like to add to this background a coisotropic 5-brane, leading to extra matter
fields from 3-5 strings. The 5-brane depends on the choice of a THF on its worldvolume.
One way to construct such a coisotropic brane is the following [16]. The THF of the 5-
brane induces a THF on the S3 worldvolume of the 3-branes, which the PTCSM theory
will depend on (as we will discuss later in section 9.1). Let us invert the logic, and begin
by choosing a THF on the S3, parameterizing the 3-brane worldvolume by (τ, u, u) where
the vector field in the τ direction is
V′ =
∂
∂τ
= i
1
b
(
X
∂
∂X
−X ∂
∂X
)
+ ib
(
Z
∂
∂Z
− Z ∂
∂Z
)
. (5.4)
Here b is a positive constant, and b2 is irrational.
We can then describe the deformed conifold T ∗S3 using the coordinates (τ, u, u) and
their conjugate momenta (pτ , pu, pu) , and define the coisotropic brane as Yd = T
∗
Md,⊥S
3
with
T ∗Md,⊥S
3 : pτ = Md. (5.5)
This is a coisotropic brane when we choose the gauge field strength
Fd = i (du ∧ dpu − du ∧ dpu) , (5.6)
which manifestly satisfies the conditions (2.24) with the canonical symplectic form
ω = du ∧ dpu + du ∧ dpu + dτ ∧ dpτ . (5.7)
Note that we can choose the THF coordinates in many different ways, since the theory
does not depend on the S3 metric and there is no condition that the THF is compatible
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with the metric. Each choice will give a different Fd. Since the PTCSM theory depends
only on the THF, we expect that the partition function of the topological string theory
depends only on b and not on the precise value of Fd. That is exactly what we will find in
section 6.
Changing coordinates from (u, u, τ ; pu, pu, pτ ) to (X,Y,Z,W), we can write the 5-
brane embedding as
Yd : Hd (X,Y,Z,W) =
1
b
(
XX−YY)+ b (ZZ−WW) = Md. (5.8)
The parameter Md is real and positive, and governs the masses of 3-5 and 5-3 strings. This
follows from the fact that the 5-brane (5.8) touches the base of the conifold, where the
3-branes sit, only if Md vanishes. The function Hd (5.8) gives rise to a vector field Vd =
∂
∂τ
on the 5-brane, generating the THF such that
dHd = −ıVdωd. (5.9)
For Hd of (5.8) this field has the form
Vd = i
1
b
(
X
∂
∂X
−Y ∂
∂Y
)
+ ib
(
Z
∂
∂Z
−W ∂
∂W
)
+ c.c. (5.10)
We ignore the 5-5 strings in our discussion, because the 5-brane is non-compact, and
thus we expect these strings to be non-dynamical. For a general geometry of the 5-brane,
the action of the effective field theory on the coisotropic brane Y proposed in [16] is
S =
1
gs
∫
Y
CS5 (A+ ia) , (5.11)
where CS5 is the Chern-Simons 5-form, and a is defined locally as
ω = da. (5.12)
Variation of this action gives precisely the string worldsheet boundary condition (2.24),
with the solution (5.6) for F = dA.
The 3-5 strings add matter fields coupled to the CS theory, and it was argued in [16]
that they are coupled in a specific partially topological manner, depending on the THF,
that we will review in section 9. In any case, the string field theory of the deformed conifold
with N 3-branes and a 5-brane (5.8) implicitly defines a PTCSM theory.
5.2 Closed string side
To find the closed string dual of the aforementioned configuration, we need to follow the
coisotropic 5-brane through the Gopakumar-Vafa duality.
As mentioned in section 4, the resolved conifold Xr = O (−1)⊕O (−1)→ CP1 is given
by the following subset of C4 × CP1 [17]:
Xλ1 + Zλ2 = 0,
Wλ1 + Yλ2 = 0,
(5.13)
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where X,Y,Z,W parameterize C4, while λ1 and λ2 are homogeneous coordinates on CP1.
Note that when not all of the coordinates on C4 are simultaneously zero, the coordinates
on CP1 are fixed uniquely, but if all of X,Y,Z,W vanish, the coordinates λ1 and λ2 are
unconstrained, parameterizing an entire CP1. We use the two following coordinate charts
on Xr:
H+ : (X,W, ξ) , ξ =
λ1
λ2
, λ2 6= 0,
H− : (Y,Z, η), η =
λ2
λ1
, λ1 6= 0.
(5.14)
The Ka¨hler form on the resolved conifold ω|Xr is obtained by the restriction of the 2-form
ωr = i
(
dX ∧ dX + dY ∧ dY + dZ ∧ dZ + dW ∧ dW)+ trωCP1 (5.15)
from C4 × CP1 to Xr. Here tr corresponds to the volume of the CP1 at the apex of Xr,
and ωCP1 is the 2-sphere Ka¨hler form
ωCP1 = i
1
2pi
dξ ∧ dξ(
1 + ξξ
)2 = i 12pi dη ∧ dη(1 + ηη)2 . (5.16)
We choose the 5-brane geometry in the resolved conifold in such a way that the vector
field Vr generating the THF on the 5-brane, being continued to the whole Xr, generates
a symmetry of the target space (5.13), and such that it coincides with Vd at infinity. It
takes the form
Vr = i
1
b
(
X
∂
∂X
−Y ∂
∂Y
)
+ ib
(
Z
∂
∂Z
−W ∂
∂W
)
+ iqξ
∂
∂ξ
+ c.c., (5.17)
where we introduced the notation
q = b− 1
b
. (5.18)
Now, using the equation
dHr = −ıVrωr, (5.19)
and requiring the result to be symmetric under b→ 1/b, we find that the equation for the
position of the 5-brane Hr is determined uniquely, and in the H+ chart it has the form
Yr : Hr =
1
b
(
XX−YY)+ b (ZZ−WW)− q
2pi
tr
[
1
1 + ξξ
− 1
2
]
= Mr. (5.20)
Note that this transforms nicely as we go from H+ to H−, and asymptotically it is the
same as (5.8) (we expect the geometric transition not to affect the behavior at infinity).
We have not been able to find an explicit solution Fr for the 5-brane field, such that (5.20)
is a coisotropic 5-brane, but we expect that it should be possible to do this. We will see
in section 7 that we do not need to know the precise value of Fr in order to compute the
partition function, so we will consider there the most general ansatz for it allowed by the
symmetries of the problem.
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Since we started with a 5-brane, disjoint from the zero section of Xd that becomes
singular in the transition, we expect to have a brane lifted off from the zero section of Xr
after the transition as well, at least for small tr. The 5-brane (5.20) intersects the CP1 at
the tip when Mr ≤ | qtr4pi |, and we will focus on the case of large enough values of Mr, so
that this does not arise.
Our main conjecture is that the PTCSM theory is dual to the topological string on the
resolved conifold, with the same mapping of parameters as in the Gopakumar-Vafa duality,
and with an extra 5-brane (5.20). We will provide evidence for this in the next sections,
by comparing the subleading order partition functions between the two topological string
theories described above. This will also enable us to match the parameters Md and Mr.
6 The open string side of the duality
In this section, we compute the annulus topological A-model amplitude on the deformed
conifold with N Lagrangian 3-branes and a coisotropic 5-brane.
6.1 The worldsheet geometry
We described the form of the deformed conifold Xd and of the coisotropic 5-brane Yd (5.8)
in section 5.1.
In order to be able to apply the equivariant localization, we demand that the brane
embeddings, the worldsheet annuli, and the field configurations are invariant under the
action of a symmetry group, acting on the manifold Xd. We take this group Td to be C×
generated by the action of Vd, continued from the brane Yd to the whole space Xd. It acts
on the coordinates as
(X,Y,Z,W)→ (ei 1b τX, e−i 1b τY, eibτZ, e−ibτW), (6.1)
so the coordinates have the following weights under the action generated by Td:
λX =
1
b
, λY = −1
b
, λZ = b, λW = −b. (6.2)
As described in section 3, the partition function is the sum over specific holomorphic
maps (worldsheet instantons). On the deformed conifold, the instantons we are interested
in are the holomorphic annuli with one boundary lying on the base of the conifold, and
the other one lying on the 5-brane, which are closed leaves of the THF. The bulk of these
annuli must be invariant under the action of Td. If b
2 is irrational, there are only two
compact orbits of the THF-generating field Vd on the 5-brane. They are given by
BX5 : Z = W = 0, Y = aX, a =
bMd
2µ2
√1 + ( 2µ2
bMd
)2
− 1
 , (6.3)
and
BZ5 : X = Y = 0, W = cZ, c = −
Md
2bµ2
√1 + (2bµ2
Md
)2
− 1
 . (6.4)
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There are two corresponding holomorphic Vd-invariant cylinders:
CX : XY = µ2, Z = W = 0,
CZ : −ZW = µ2, X = Y = 0, (6.5)
which intesect the 5-brane along BX5 and BZ5 , respectively, and which intersect the zero
section (5.3) along the two following cycles:
BX3 : Z = W = 0, X = Y, (6.6)
and
BZ3 : X = Y = 0, W = −Z. (6.7)
Note that these two cycles are precisely the closed leaves of the THF on S3, generated by
the field V′d, obtained by the restriction of Vd to the base of the conifold, and given by
V′d = i
1
b
(
X
∂
∂X
−X ∂
∂X
)
+ ib
(
Z
∂
∂Z
− Z ∂
∂Z
)
. (6.8)
That is how the THF of the 5-brane is induced on the base of T ∗S3 by the instantons.
In the vicinity of BX5 given by (6.3), the coordinate X is non-zero, so we can express Y
as
Y =
µ2 + ZW
X
, (6.9)
and work with coordinates (X,Z,W). Similarly, in the neighborhood of BZ5 , one can express
the coordinate W in terms of (X,Y,Z). Using these two sets of coordinates, it is easy to
compute the actions of instantons. The symplectic volumes of the holomorphic cylinders
CX and CZ are
VCX =
∫
CX
ωd = 2pibMd,
VCZ =
∫
CZ
ωd = 2pi
Md
b
.
(6.10)
In principle, there are also Td-invariant holomorphic discs, ending on the closed leaves of
the THF on the 5-brane in the deformed conifold geometry. They are given by
DXd : XX ≤ bMd, Y = Z = W = 0,
DZd : ZZ ≤
Md
b
, X = Y = W = 0.
(6.11)
However, their volumes blow up at their centers
VDXd = i
∫
XX≤bMd
dX ∧ dX
[
1 +
µ4(
XX
)2
]
→∞,
VDZd = i
∫
ZZ≤Md
b
dZ ∧ dZ
[
1 +
µ4(
ZZ
)2
]
→∞,
(6.12)
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so they do not contribute. Thus, the leading corrections to the partition function of the
CS theory in this configuration come from the annulus worldsheets described above. Note
that the volumes (6.10) of the holomorphic annuli are independent of the size of the zero
section of T ∗S3 given by µ, as they must be in a topological string theory.
The A-model amplitudes for these two annuli are very similar, and the amplitude
related to CZ may be obtained from the one related to CX by a substitution b→ 1/b, so in
what follows, we concentrate only on CX. As we discussed in section 2.2, there must be a
non-zero 2-form field Fd on the 5-brane obeying (2.24). Evaluating the Ka¨hler form ωd on
the cycle BX5 gives
σd = i
(
dZ ∧ dZ + dW ∧ dW) . (6.13)
As we discussed in section 5.1, the expression for Fd is not unique for a given b, but
the results should not depend on the precise choice, so we consider the most general real
Td-invariant 2-form that we can write down at the location of the cycle BX5 . Taking into
account (2.29), the resulting expression for Fd|BX5 is
Fd|BX5 = AddZ ∧ dW +AddZ ∧ dW + CddZ ∧ dZ +DddW ∧ dW, (6.14)
and after imposing the condition (2.24), one is left with
Fd|BX5 = AddZ ∧ dW +AddZ ∧ dW ±
√
1−AdAd
(
dZ ∧ dZ− dW ∧ dW) , (6.15)
where one must have |Ad| ≥ 1 in order to get a real form. Since the 5-brane has the
topology R2 × S3, its fundamental group is trivial, so one can globally define an Ad such
that
Fd = dAd. (6.16)
An example of an Ad whose derivative gives Fd of (6.15) above on the cycle BX5 is given by
Ad = AdZdW +AdZdW ±
√
1−AdAd
(
ZdZ−WdW) . (6.17)
The contribution of its holonomy to the annulus instanton action is∮
BX5
Ad =
∮
BX5
[
AdZdW +AdZdW ±
√
1−AdAd
(
ZdZ−WdW)] = 0. (6.18)
The fluctuations of the fields on the coisotropic brane are frozen due to the infinite
volume of this brane, which means that the VEV of the holonomy V of Ad along the cycle
BX5 is
〈V 〉BX5 =
〈
exp
[
i
∮
BX5
Ad
]〉
= 1. (6.19)
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6.2 Boundary conditions
Substituting the expression (6.15) for the field Fd|BX5 into the boundary conditions (2.26),
using (2.27) and (2.28), we get for the Lagrangian branes
χX
ρXz
χZ
ρZz
χW
ρWz

=

0 −e2iθ 0 0 0 0
−e−2iθ 0 0 0 0 0
0 0 0 0 0 −1
0 0 0 0 −1 0
0 0 0 −1 0 0
0 0 −1 0 0 0


ρXz
χX
ρZz
χZ
ρWz
χW

, (6.20)
and for the coisotropic brane
χX
ρXz
χZ
ρZz
χW
ρWz

=

0 −e2iθ 0 0 0 0
−e−2iθ 0 0 0 0 0
0 0 0 0 0 R∓d
0 0 0 0 R˜±d 0
0 0 0 −R±d 0 0
0 0 −R˜∓d 0 0 0


ρXz
χX
ρZz
χZ
ρWz
χW

, (6.21)
where we defined X = |X|eiθ = √bMdeiθ, and
R∓d =
1∓
√
1−AdAd
Ad
, R˜±d =
1±
√
1−AdAd
Ad
, (6.22)
where the choice of sign is correlated to the choice in (6.15).
There is a subtlety in solving equations (6.20) and (6.21), because in order to solve
them, one has to choose a way in which the Ψi components are related to the Ψi compo-
nents. In physical string theory, they are related as
ΨIα = αβI
I
KΨ
K
β , (6.23)
where IIK is a complex structure in the target space. In topological string theory, we cannot
use this condition, because it would relate the fields χI and ρIz,z, which have different
Lorentz structures. So, the condition we use is that the conjugation of all the components
of χI and ρIz,z is
χi = χi, ρiz = ρ
i
z. (6.24)
6.3 Gromov-Witten invariants and the free energy
Let us evaluate the annulus amplitude on the deformed conifold. Using the formula (3.19)
for the GW invariants, and taking into account that the holomorphic Td-invariant cylinders
are unique, giving MΓ = {pt}, the general expression (2.35) reduces to
Fdg=0,h=2 = f (b) + f (1/b) , (6.25)
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with
f (b) =
∞∑
w=1
GWw0,2 〈Tr(Uw0 )〉b2 〈Tr(V w)〉BX5 e
−wVCX
=
∞∑
w=1
1
w
emC×
(
H1 (C,Φ∗TXd|∂C)
)
emC×
(
H0 (C, TC)
)
emC× (H
0 (C,Φ∗TXd|∂C)) emC× (H1 (C, TC))
〈Tr(Uw0 )〉b2 e−2pibMdw.
(6.26)
Here C is the annulus worldsheet mapping to CX, and 〈Tr(Uw0 )〉b2 is the CS VEV of the
unknot with irrational framing b2, which was argued in [16] to be the correct framing in
this setup.
Let us compute the cohomology groups H0 (C,Φ∗TXd|∂C) and H1 (C,Φ∗TXd|∂C),
which depend on the boundary conditions in Xd. The map Φ from the worldsheet annulus
C to the target space annulus CX for a w-fold covering is given by
X (t) = tw, Z (t) = 0, W (t) = 0. (6.27)
This means that the Td-weight of t is
λt =
λX
w
. (6.28)
The range of t here is given by |X|1/wmin ≤ |t| < |X|1/wmax, where |X|min and |X|max correspond
to the Lagrangian and coisotropic boundaries respectively, and are given by
|X|2min = µ2, |X|2max = µ2
√1 + (bMd
2µ2
)2
+
bMd
2µ2
 . (6.29)
We choose the following covering of the domain annulus C for each winding w ,
Ud =
{
|X|1/wmin ≤ |t| < |X|1/wmax
}
, Vd =
{
|X|1/wmin < |t| ≤ |X|1/wmax
}
. (6.30)
The group H0 (C,Φ∗TXd|∂C) is generated by the global sections of the form
sd,χ =
∞∑
k=−∞
[
αd,kt
k∂X + βd,kt
k∂Z + γd,kt
k∂W
]
, (6.31)
obeying the boundary conditions (6.20) and (6.21). The coefficients βd,k and γd,k must be
zero for any value of Ad in order to satisfy the conditions (6.21), so
sd,χ =
∞∑
k=−∞
αd,kt
k∂X. (6.32)
Now, applying the identical boundary conditions for the X-component of the section
on two boundaries, which follows from (6.20) and (6.21), one is left with
αd,k = −αd,2w−k|X|2(1−k/w)min = −αd,2w−k|X|2(1−k/w)max . (6.33)
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Since |X|min and |X|max are different, a non-zero solution is possible only for k = w, but
this term in the expansion (6.32) has a trivial weight under the action of Td, so, as we
discussed in section 3, it does not contribute to emC×
(
H0 (C,Φ∗TXd|∂C)
)
, and we have
emC×
(
H0 (C,Φ∗TXd|∂C)
)
= 1. (6.34)
Now let us turn to emC×
(
H1 (C,Φ∗TXd|∂C)
)
, which is given by those sections ρIz,z on
Ud ∩Vd, that cannot be represented as a difference of two sections defined on Ud and Vd.
Let us denote these sections as
sd,ρUd∩Vd =
∞∑
k=−∞
[
Ad,kt
k∂X +Bd,kt
k∂Z + Cd,kt
k∂W
]
,
sd,ρVd =
∞∑
k=−∞
[
αd,kt
k∂X + βd,kt
k∂Z + γd,kt
k∂W
]
,
sd,ρUd =
∞∑
k=−∞
[
ad,kt
k∂X + bd,kt
k∂Z + cd,kt
k∂W
]
.
(6.35)
Using the boundary conditions (6.20) and (6.21), one gets
βd,k = γd,k = 0, cd,k = −bd,−k|X|−2k/wmin . (6.36)
Let us choose bd,k>0 and cd,k≥0 as independent coefficients. It means that the Z and
W parts of the section sd,ρUd∩Vd , which cannot be represented as a difference of s
d,ρ
Vd
and sd,ρUd ,
are
0∑
k=−∞
Bd,kt
k∂Z +
−1∑
k=−∞
Cd,kt
k∂W. (6.37)
The equivariant Euler class emC×
(
H1 (C,Φ∗TXd|∂C)
)
is given by the product of non-trivial
Td-weights of basis vectors of (6.37), which is
0∏
k=−∞
(
λX
k
w
− λZ
) −1∏
k=−∞
(
λX
k
w
− λW
)
. (6.38)
Now, recalling the Td-weights of the coordinates (6.2), using the ζ-function regularization
−1∏
k=−∞
(
k
bw
)2
−→ 2pibw, (6.39)
and the product representation of the sine function
−1∏
k=−∞
(
1− b
4w2
k2
)
=
sin
(
pib2w
)
pib2w
, (6.40)
we are left with
emC×
(
H1 (C,Φ∗TXd|∂C)
)
= −2sin (pib2w) . (6.41)
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The X part of the cohomology is trivial. This is very easy to see by putting ad,k = 0
for k < 0. Then one can always solve
Ad,k = αd,k − ad,k (6.42)
as
αd,k = Ad,k, k < 0
ad,k = −αd,2w−k|X|2(1−k/w)max −Ad,k, k ≥ 0.
(6.43)
Now we compute the Cˇech cohomology groups H0 (C, TC) and H1 (C, TC), which do
not depend on the target space boundary conditions. The group H0 (C, TC) consists of
automorphisms preserving two boundaries of the source cylinder C, which is just a U(1)
group generated by t∂t. The Td-weight of this section is 0, so
emC×
(
H0 (C, TC)
)
= 1. (6.44)
The deformation space H1 (C, TC) is also trivial, giving
emC×
(
H1 (C, TC)
)
= 1. (6.45)
Collecting all the Euler classes, we get
GWw0,2 = −2sin
(
pib2w
)
, (6.46)
which leads us to
Fd0,2 =
∞∑
w=1
1
w
(−2 sin (pib2w)) 〈Tr(Uw0 )〉b2 e−2pibMdw + (b→ 1/b) . (6.47)
The final ingredient that we need is the value of the Wilson loop 〈Tr(Uw0 )〉b2 at the
leading order in the 1/N expansion. In order to get it, we generalize the result for the
Wilson loop with arbitrary rational framing p to the irrational one b2. The Wilson loop
with rational framing p has the form [61]
〈Tr(Uw0 )〉p =
N
td
w∑
d=0
(−1)w+d 1
w!
(
w
d
)w−1∏
k=1
(pw + d− k) e 12 (p−1)wtdedtd , (6.48)
where we define
td = i
2piN
k +N
. (6.49)
Plugging this into (6.47), and ignoring the signs, which cannot be determined from the
localization computation, we finally have
Fd0,2 =
2
gs
∞∑
w=1
w∑
d=0
sin
(
pib2w
)
ww!
(
w
d
)w−1∏
k=1
(
b2w + d− k) e−2pib(Md− q4pi td)wedtd + (b→ 1/b) ,
(6.50)
where
gs = −i 2pi
k +N
. (6.51)
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7 The closed string side of the duality
Now we compute the disc amplitude on the resolved conifold Xr, in order to compare it
with the annulus amplitude on the deformed conifold Xd, and to test the generalization of
the GV duality with a coisotropic brane. The computation in this section is very similar
to the previous one, so we will not delve into details.
7.1 The worldsheet geometry
We discussed the resolved conifold Xr and the embedding of the 5-brane Yr into it in
section 5.2. We again take the action of the group Tr = C× to be analogous to that of
Td above, namely the action of Vr continued to the target space Xr. The weights of the
coordinates under its action are
λX =
1
b
, λY = −1
b
, λZ = b, λW = −b, λξ = q, λη = −q. (7.1)
The disc amplitude on the resolved conifold with the 5-brane, corresponds to Tr-invariant
holomorphic discs, ending on the closed leaves of the THF on the coisotropic brane, with
possible multi-coverings of the non-trivial CP1 at the tip.
There are two closed leaves of the THF on the 5-brane, given by
AX5 : Y = Z = W = ξ = 0, XX = b
(
Mr +
q
4pi
tr
)
,
AZ5 : X = Y = W = η = 0, ZZ =
1
b
(
Mr − q
4pi
tr
)
,
(7.2)
and two corresponding Tr-invariant holomorphic discs
DXr : Y = Z = W = ξ = 0, XX ≤ b
(
Mr +
q
4pi
tr
)
,
DZr : X = Y = W = η = 0, ZZ ≤
1
b
(
Mr − q
4pi
tr
)
.
(7.3)
We see that the discs lie on the fibers of Xr = O (−1)⊕O (−1)→ CP1, touching the base
CP1 at the two poles ξ = 0 and η = 0. The symplectic volumes of the holomorphic discs
DXr and DZr are
VDXr =
∫
DXr
ωr = 2pib
(
Mr +
q
4pi
tr
)
,
VDZr =
∫
DZr
ωr = 2pi
1
b
(
Mr − q
4pi
tr
)
.
(7.4)
In complete analogy to the deformed conifold side of the duality, the DZr amplitude differs
from the one of DXr by b→ 1/b, so we consider only the latter. The disc DXr can be covered
entirely by the H+ chart, so in what follows we will often use the coordinates X,W and ξ
in related computations.
Next we consider the holonomy of the gauge field along the cycle AX5 on the 5-brane.
The field strength must be non-zero in order to obey the conditions (2.24). The value of
the Ka¨hler form on AX5 , expressed in the coordinate chart H+ is
σr = idW ∧ dW + ib
(
Mr +
Q
4pi
tr
)
dξ ∧ dξ, (7.5)
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where
Q = b+
1
b
. (7.6)
In order to simplify the notation, we rescale ξ on the cycle AX5 as Λ = ξ
√
b
(
Mr +
Q
4pi tr
)
,
leaving us with
σr = i
(
dW ∧ dW + dΛ ∧ dΛ) . (7.7)
The most general Tr-symmetric real 2-form, evaluated on AX5 , is
Fr|AX5 = BrXdW ∧ dΛ +BrXdW ∧ dΛ + CrdW ∧ dW +DrdΛ ∧ dΛ. (7.8)
Plugging this into (2.24), the general solution is
Fr|AX5 = Are
iθdW ∧ dΛ +Are−iθdW ∧ dΛ±
√
1−ArAr
(
dW ∧ dW − dΛ ∧ dΛ) , (7.9)
where X = |X|eiθ =
√
b
(
Mr +
q
4pi tr
)
eiθ, Ar = Br
√
b
(
Mr +
q
4pi tr
)
, and |Ar| ≥ 1 in order to
maintain the reality of Fr|AX5 .
As on the deformed conifold side of the duality, we compute the holonomy of the gauge
field with field strength Fr|AX5 along the boundary of the holomorphic disc. We again choose
some Ar, such that
Fr = dAr (7.10)
on AX5 , and find the contribution of the holonomy V of Ar to the disc instanton action∮
AX5
Ar =
∮
AX5
[
ArXWdΛ +ArXWdΛ±
√
1−ArAr
(
WdW − ΛdΛ)] = 0. (7.11)
The fluctuations of the fields on the coisotropic brane are frozen, so one has
〈V 〉AX5 =
〈
exp
[
i
∮
AX5
Ar
]〉
= 1. (7.12)
7.2 Boundary conditions
Now, we substitute the expression (7.9) for the field Fr|AX5 into the fermion boundary
conditions (2.26), using (2.28), and get
χX
ρXz
χW
ρWz
χΛ
ρΛz

=

0 −e2iθ 0 0 0 0
−e−2iθ 0 0 0 0 0
0 0 0 0 0 e−iθR∓r
0 0 0 0 eiθR˜±r 0
0 0 0 −e−iθR±r 0 0
0 0 −eiθR˜∓r 0 0 0


ρXz
χX
ρWz
χW
ρΛz
χΛ

, (7.13)
where we defined
R∓r =
1∓
√
1−ArAr
Ar
, R˜±r =
1±
√
1−ArAr
Ar
, (7.14)
and the choice of sign is correlated to the choice in (7.9).
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7.3 Gromov-Witten invariants and the free energy
The general form of the topological A-model amplitude on the resolved conifold is a par-
ticular case of the general formula (2.34):
Frg=0,h=1 =
1
gs
∞∑
w=1
∞∑
d=0
GWd,w0,1 〈Tr(V w)〉AX5 e
−wVDXr e−dtr + (b→ 1/b)
=
1
gs
∞∑
w=1
∞∑
d=0
GWd,w0,1 e
−2pib(Mr+ q4pi tr)we−dtr + (b→ 1/b) .
(7.15)
We begin the computation of the GW invariants GWd,w0,1 with the special case of d = 0,
because the contribution of non-zero d is independent of the conditions on the boundary
of the disc, and can be found in the literature. In this case, like for the annulus, we have
a unique invariant disc ending on each closed leaf, so we have
F˜r0,1 =
∞∑
w=1
1
w
emC×
(
H1 (∆,Φ∗TXr|∂∆)
)
emC×
(
H0 (∆, T∆)
)
emC× (H
0 (∆,Φ∗TXr|∂∆)) emC× (H1 (∆, T∆))
e−2pib(Mr+
q
4pi
tr)w + (b→ 1/b) ,
(7.16)
where ∆ is the domain disc, and the map Φ from the worldsheet ∆ to the target space disc
DXr is given by
X (t) = tw, W (t) = 0, Λ (t) = 0. (7.17)
The range of t is now 0 ≤ |t| < tmax, where tmax =
[
b
(
Mr +
q
4pi tr
)] 1
2w .
Next we compute the cohomologies H0 (∆,Φ∗TXr|∂∆) and H1 (∆,Φ∗TXr|∂∆), which
depend on the boundary condition in the target space. Let us choose the following covering
of the domain disc ∆ for each winding w
Ur = {0 ≤ |t| < tmax} , Vr = {0 < |t| ≤ tmax} . (7.18)
The group H0 (∆,Φ∗TXr|∂∆) is generated by the global sections of the form
sr,χ =
∞∑
k=0
[
αr,kt
k∂X + βr,kt
k∂W + γr,kt
k∂Λ
]
(7.19)
obeying the boundary condition (7.13). The coefficients βr,k and γr,k must vanish in order
to satisfy (7.13), so
sr,χ =
∞∑
k=0
αr,kt
k∂X (7.20)
with
αr,k = −t2w−2kmax αr,2w−k. (7.21)
This means that H0 (∆,Φ∗TXr|∂∆) is generated by
sr,χ =
2w∑
k=0
αr,kt
k∂X. (7.22)
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Multiplying the non-zero weights of the αr,k under Tr = C×, we find that the equivariant
Euler class emC×
(
H0 (∆,Φ∗TXr|∂∆)
)
is given by
emC×
(
H0 (∆,Φ∗TXr|∂∆)
)
=
w−1∏
k=0
λX
(
k
w
− 1
)
=
w−1∏
k=0
1
b
(
k
w
− 1
)
. (7.23)
The cohomology group H1 (∆,Φ∗TXr|∂∆) is generated by the sections ρUr∩Vr , which
cannot be written as the difference of two sections ρVr − ρUr . We denote them as
sr,ρUr∩Vr =
∞∑
k=−∞
[
Ar,kt
k∂X +Br,kt
k∂W + Cr,kt
k∂Λ
]
,
sr,ρVr =
∞∑
k=−∞
[
αr,kt
k∂X + βr,kt
k∂W + γr,kt
k∂Λ
]
,
sr,ρUr =
∞∑
k=0
[
ar,kt
k∂X + br,kt
k∂W + cr,kt
k∂Λ
]
.
(7.24)
Let us start with the X and X components of sρ. The section of ρ which can be written
as the difference of two sections ρVr − ρUr is
∞∑
k=−∞
αr,kt
k∂X =
∞∑
k=−∞
Ar,kt
k∂X −
∞∑
k=0
ar,kt
k∂X, (7.25)
where Ar,k must obey the boundary condition
Ar,k = −t2w−2kmax Ar,2w−k. (7.26)
Since ar,k are arbitrary, one can tune them in such a way that any section on Ur ∩Vr can
be written as in (7.25), so the X part of the cohomology is trivial.
Now let us turn to the W and Λ components. As βr,k and γr,k are zero, it follows that
all the sections on Vr are trivial, and only the k < 0 part of the section s
r,ρ
Ur∩Vr contributes
to H1 (∆,Φ∗TXr|∂∆), because the coefficients br,k and cr,k are arbitrary, and can always
be chosen such that
br,k≥0 = Br,k≥0, cr,k≥0 = Cr,k≥0. (7.27)
So, the cohomology H1 (∆,Φ∗TXr|∂∆) is given by the sections of the form
sr,ρUr∩Vr =
−1∑
k=−∞
[
Br,kt
k∂W + Cr,kt
k∂Λ
]
. (7.28)
As always, the equivariant Euler class emC×
(
H1 (∆,Φ∗TXr|∂∆)
)
is given by the product of
non-trivial Tr-weights of basis vectors of s
r,ρ
Ur∩Vr , which is
emC×
(
H1 (∆,Φ∗TXr|∂∆)
)
=
−1∏
k=−∞
(
λX
k
w
− λW
)(
λX
k
w
− λΛ
)
. (7.29)
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Let us compute the cohomology groups H0 (∆, T∆) and H1 (∆, T∆), which do not
depend on the target space boundary conditions. Equation (3.14) states that the group
H0 (∆, T∆) is generated by t∂t with vanishing Tr-weight, but in the case of d = 0, there
is no special point at the center of the disc, at which the 2-sphere is attached, and thus
no requirement that it must be fixed by the action of the automorphism group is imposed.
This means that the group gets enhanced from U(1) to SL (2,R), generated by
s = a0∂t + a1t∂t + a2t
2∂t (7.30)
with
a0 = −a2, a1 = −a1. (7.31)
It follows that there is only one independent basis vector with non-trivial Tr-weight, which
may be either ∂t or t
2∂t,
21 so
emC×
(
H0 (∆, T∆)
)
=
λX
w
=
1
b
1
w
. (7.32)
The deformation space H1 (∆, T∆) is again trivial, resulting in
emC×
(
H1 (∆, T∆)
)
= 1. (7.33)
Collecting all the Euler classes, one obtains (up to an overall indeterminable sign)
GW0,w0,1 =
1
w
λX
w
−1∏
k=−∞
(
λX
k
w − λW
) (
λX
k
w − λΛ
)
w−1∏
k=0
λX
(
k
w − 1
)
=
1
w
1
bw
−1∏
k=−∞
(
k
bw
)2 −1∏
k=−∞
(
1− b4w2
k2
)w−1∏
k=0
(
b2w − k)
w−1∏
k=0
(w − k)
.
(7.34)
Now, using
−1∏
k=−∞
(
k
bw
)2
−→ 2pibw,
−1∏
k=−∞
(
1− b
4w2
k2
)
=
sin
(
pib2w
)
pib2w
,
w−1∏
k=0
(
b2w − k) = b2w w−1∏
k=1
(
b2w − k) , w−1∏
k=0
(w − k) = w!,
(7.35)
we are left with
GW0,w0,1 = 2sin
(
pib2w
) w−1∏k=1 (b2w − k)
ww!
. (7.36)
21These two choices are related by a sign change of the Tr-weight, but as we discussed in section 3, the
equivariant localization in any case does not allow to determine an overall sign.
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Next, we need to add the possibility of a non-zero wrapping of degree d of the disc
over the minimal CP1 at the tip. For this one must compute the integral in formula (3.19).
The result is independent of what happens on the boundary of the worldsheet, so the
computation is the same as the one deduced via mirror symmetry in [21], and obtained by
direct computation using the graph method (briefly discussed in section 3) in [66]. The
result amounts to the following substitution in GW0,w0,1 :
w−1∏
k=1
(
b2w − k)→ w∑
d=0
(
w
d
)w−1∏
k=1
(
b2w + d− k) . (7.37)
So finally we get the disc amplitude
Fr0,1 =
2
gs
∞∑
w=1
w∑
d=0
sin
(
pib2w
)
ww!
(
w
d
)w−1∏
k=1
(
b2w + d− k) e−2pib(Mr+ q4pi tr)we−dtr + (b→ 1/b) .
(7.38)
Comparing the free energies on the open (6.50) and closed (7.38) string sides of the
duality, we see that they are identical if we identify the symplectic volume tr of the non-
trivial CP1 of the resolved conifold with the ’t Hooft parameter td of the CS theory living
on the zero section of the deformed conifold,
td = −tr, (7.39)
which requires an analytic continuation of tr to purely imaginary value, as in the standard
Gopakumar-Vafa duality, and we also simply identify
Mr = Md. (7.40)
8 Higher order corrections
In principle, one can go beyond the 1/gs order, and compute the higher order terms in
the gs expansion. Let’s consider the next order, namely g
0
s . Recalling that the worldsheet
amplitude of genus g with h boundaries is weighted by g2g+h−2s , we see that there are two
options for the resolved conifold:
• g = 1, h = 0;
• g = 0, h = 2.
The first option corresponds to the worldsheet image of the topology S2 ∪ T , where T
is a torus, which is mapped to one of the poles of the zero section, fixed under the action of
G = Tr. Under the GV duality, this amplitude is mapped to the N
0 order of the expansion
of the pure CS theory partition function, and is not related to coisotropic brane dynamics.
The second option is more interesting. The topology of the corresponding worldsheet
is D1∪S2∪D2, where D1 and D2 are mapped to the holomorphic discs DXr and DZr , which
we discussed in section 7. The general form of the amplitude is
Fr0,2 = g
0
s
∑
d,wX,wZ
GWd,wX,wZ0,2 e
−wXVDXr e−wZVDZr e−dtr . (8.1)
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Under the generalization of the GV duality that we propose, this amplitude must be
equated to the deformed conifold amplitude, corresponding to two holomorphic cylinders,
and is of the form
Fd0,4 = g
2
s
∑
wX,wZ
GWwX,wZ0,4
〈
Tr(UwX
0,b2
)Tr(UwZ
0,1/b2
)
〉
N2
e−wXVCX e−wZVCZ , (8.2)
where
〈
Tr(UwX
0,b2
)Tr(UwZ
0,1/b2
)
〉
N2
is the leading order (in 1/N) VEV of the Hopf link, and
the framings of the two knots are b2 and 1/b2 as before.
One can calculate the higher loop corrections using the so-called Faber algorithm [67],
which allows to express the integrals over the moduli space MΓ at arbitrary genus g in
terms of integrals over the moduli spaces of lower genera. We leave this for future work.
9 The large N limit of the partially topological Chern-Simons-matter
partition function
9.1 Partially topological Chern-Simons-matter theory
9.1.1 Classical theory
In this subsection we give a brief review of the PTCSM theory, proposed in [16] as a field
theory description of the topological A-model on the deformed conifold with an additional
coisotropic 5-brane of topology R2 × S3.
One can couple the CS theory reviewed in section 4.1, to partially topological matter, if
the 3-fold on which the CS theory lives, admits a THF. The discussion of a THF structure
on a 3-fold is completely analogous to the 5-fold case, which was reviewed in section 2.2 —
a 3-fold admits a THF if it may be covered by a set of coordinate charts (τi, ui, ui), which
transform holomorphically as
τj = τj + ϑj (τi, ui, ui) , uj = uj (ui) , (9.1)
with real functions ϑj as one goes from one chart to the other. Locally, there is one leaf of
the foliation parameterized by τ , for each point with coordinates (u, u).
Compact 3-manifolds with THF are all classified [49–51], and admit a finite number
of deformation parameters each (see also [27] for more details). They are all either Seifert
manifolds, i.e. circle fibrations over a Riemann surface, or T 2 fibrations over S1. In what
follows, we consider only the case of S3, which admits a THF parameterized by a single
complex number b (a detailed discussion of THFs on S3 can be found in [68]). For simplicity,
we take it to be a real positive number, with b2 irrational, in all calculations.
The form (9.1) of the coordinate changes means, in particular, that the space of holo-
morphic 1-forms Ω1,0 on a manifold with THF is well-defined. Similarly, we denote by
Ω0,1 the space of anti-holomorphic 1-forms. Note that the dτ direction is not well-defined,
because of the mixing with (u, u) as we go from one patch to another. The quotient spaces
Ω/Ω1,0 and Ω/Ω0,1 are well-defined, where Ω is the space of all 1-forms, as is the projection
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p : Ω→ Ω/Ω1,0, which in local coordinates simply means
p : fdτ + gdu+ hdu→ fdτ + hdu,
p · d = dτ ∂
∂τ
+ du
∂
∂u
.
(9.2)
The matter fields of the PTCSM theory of [16] are φ ∈ Ω1,0⊗R, and ψ ∈ Ω/Ω1,0⊗R,
where R is the fundamental representation of U(N), and R is its conjugate. The action of
the theory has the form
S = i
k
2pi
∫
Tr
[
1
2
A ∧ dA+ 1
3
A ∧A ∧A
]
+
∫
Tr [ψ ∧DAφ] . (9.3)
Note that this theory has an additional gauge symmetry, given by
ψ → ψ + DˆA,
A→ A+ 4pii
k
µ (φ, ) ,
(9.4)
where  ∈ R is an arbitrary function of coordinates, DˆA is equal to p · (d − iA), and
µ : R⊗R→ g is the moment map.
The matter system can be made massive in a way that preserves the partial topological
invariance, and gives the (φ, ψ) system a real mass M. This is done by introducing a
background complex connection Ab to the matter action (9.3), which locally looks like
A→ A−Ab = A− iMdτ. (9.5)
In order to compare the field theory results with the string theory ones, it is convenient
to view the sphere S3, on which the PTCSM theory lives, as being embedded in C2 via
XX + ZZ = µ2, µ ∈ R. (9.6)
In these coordinates, the THF that we are interested in is generated by the vector field
V′ = i
1
b
(
X
∂
∂X
−X ∂
∂X
)
+ ib
(
Z
∂
∂Z
− Z ∂
∂Z
)
. (9.7)
For irrational b2 this THF has two closed leaves going to themselves under the THF action,
corresponding to X = 0 or Z = 0.
9.1.2 Quantization
One can quantize the PTCSM theory using the Batalin–Vilkovisky (BV) formalism [16]. In
order to do this, we introduce the ghost field κ ∈ R for the symmetry (9.4), and anti-fields
φ∗ = φ∗uτdu ∧ dτ ∈ Ω2/
(
Ω1,0 ∧ Ω1)⊗R,
ψ∗ = ψ∗uτdu ∧ dτ + ψ∗uudu ∧ du ∈
(
Ω1,0 ∧ Ω1)⊗R,
κ∗ = κ∗uuτdu ∧ du ∧ dτ ∈ Ω3 ⊗R.
(9.8)
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After packing these fields into
ϕ = φ+ ψ∗ + κ∗, % = κ + ψ + φ∗, (9.9)
the BV action becomes
SBV = CS3 (∆) +
∫
% ∧ Dˆ∆ϕ, (9.10)
where the field ∆ includes the fields, ghosts and anti-fields of usual BV quantization of the
CS theory.
The only fields in the BRST cohomology are φu and κ, so the space of local operators
of the theory is spanned by the products of ∂nuφu and ∂
m
u κ.
9.2 The large N partition function of the Chern-Simons-matter theory on S3b
In this section we compute the partition function of the PTCSM theory (9.3) in the large
N limit. It was argued in [16] that this is the same as the partition function of a 3d N = 2
supersymmetric U(N)k CS theory coupled to a single fundamental chiral multiplet with
U(1)R-charge 0 and real mass M, with the same THF structure. And it was shown in [27]
that this is the same as the partition function of this theory on a squashed sphere S3b . Thus
we can use the known results for these partition functions.
Applying the localization method [36, 69], the partition function is given by the fol-
lowing N -dimensional integral [70]:22
Z =
1
N !
∞∫
−∞
dNx
∏
i<j
sinh (pibxij) sinh
(
pib−1xij
) N∏
j=1
eikpix
2
j sb
(
iQ
2
+ M− xj
)
, (9.11)
where Q = b+ 1b as before, xij = xi − xj , and sb(z) is the double sine function defined by
sb(z) =
∏
m,n≥0
mb+ nb−1 + Q2 − iz
mb+ nb−1 + Q2 + iz
. (9.12)
We are interested in the planar limit
N →∞, N
k′
= λ = fixed, k′ = k − 1
2
, (9.13)
where the factor (−1/2) in k′ comes from the CS level shift.23
Since the matter has only O(N) degrees of freedom, the leading large N behavior of
Z is captured by the N = 2 SUSY pure CS theory without the matter:
ZCS(k,N) =
1
N !
∞∫
−∞
dNx
∏
i<j
sinh (pibxij) sinh (pib
−1xij)
N∏
j=1
eikpix
2
j , (9.14)
22An expression for generic R-charge ∆R for the chiral multiplet can be obtained by replacing M →
M− iQ
2
∆R.
23A more appropriate definition of k′ would be k′ = k− 1
2
sgn (M). Note that k′ and not k will appear in
the modified duality relations, but this does not affect the leading order answers.
– 40 –
which can be exactly computed for any N24
ZCS(k,N) =
e
ipi
12k
N(N2−1)(b2+b−2)
kN/2
N∏
j=1
(
2 sin
pij
k
)N−j
. (9.15)
In the language of the free energy
F(N) = log(Z(N)), (9.16)
the large N expansion of (9.15) starts at O(N2), and it has an expansion in powers of
1/N2, corresponding by the GV duality to perturabtive corrections on the closed string
side of the duality. In this paper we focus on the O(N) part of the CSM free energy, which
is the first order affected by the fundamental matter.
9.3 The O(N) free energy for Im(b2) > 0
For Im(b2) > 0, the double sine function has the following representation:
sb(z) = e
− ipiz2
2
− ipi
24
(
b2+ 1
b2
)
(−p1/2+ e2pibz; p+)∞
(−p−1/2− e2pib−1z; p−1− )∞
, (9.17)
where
p± ≡ e2piib±2 , (a; q)∞ ≡
∞∏
n=0
(1− aqn). (9.18)
In terms of this representation, we can rewrite the partition function as
Z = e−
ipiN
2 (
iQ
2
+M)
2− ipiλ(iQ/2+M)2
4
− ipiN
24
(b2+b−2)Z˜,
Z˜ =
1
N !
∫ ∞− iQ
4k′
−∞− iQ
4k′
dNx
∏
i<j
sinh (pibxij) sinh (pib
−1xij)
N∏
j=1
eik
′pix2j
∞∏
n=0
1− pn+1+ e2pib(M˜−xj)
1− p−n− e2pib−1(M˜−xj)
,
(9.19)
where we have changed the integral variable as x→ x+
iQ
2
+M
2k′ , and defined
M˜ = M− iQ/2 + M
2k′
. (9.20)
Now we take the large N limit and focus on the O(N) free energy, dropping terms of
order N0:
F|O(N) = log(Z)|O(N) = −
ipiN
2
[(
iQ
2
+ M
)2
+
1
12
(
b2 +
1
b2
)]
+ F˜|O(N),
F˜ = log(Z˜).
(9.21)
24See e.g. equation (2.9) of [71].
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In the large N limit, we can make two simplifications. First, we can replace M˜ by M and
ignore the imaginary shift of the integral contour in (9.19)
Z˜ ' 1
N !
∞∫
−∞
dNx
∏
i<j
sinh (pibxij) sinh (pib
−1xij)
N∏
j=1
eik
′pix2j
∞∏
n=0
1− pn+1+ e2pib(M−xj)
1− p−n− e2pib−1(M−xj)
.(9.22)
Second, after redefining the integration variable as x → −x, the large N factorization
implies25
F˜|O(N) =
∞∑
n=0
〈
Tr
[
log
(
1− pn+1+ e2pibMe2pibx
)]〉
CSb
+ (b→ 1/b) , (9.23)
where 〈· · · 〉CSb denotes the planar limit of a normalized VEV in the following matrix model:
∞∫
−∞
dNx eik
′pi
∑
j x
2
j
∏
i<j
sinh (pibxij) sinh (pib
−1xij). (9.24)
Now we expand the first term as
∞∑
n=0
〈
Tr
[
log
(
1− pn+1+ e2pibMe2pibx
)]〉
CSb
= −
∞∑
n=1
∞∑
w=1
1
w
(
pn+e
2pibM
)w 〈
Tr
[
e2pibxw
]〉
CSb
= −
∞∑
w=1
1
w
pw+
1− pw+
e2pibMw
〈
Tr
[
e2pibxw
]〉
CSb
.
(9.25)
Repeating this for the second term, we find
F˜|O(N) =
∞∑
w=1
1
w
pw+
1− pw+
e2pibMw
〈
Tr
[
e2pibxw
]〉
CSb
+ (b→ 1/b) . (9.26)
This expression shows that our problem is now reduced to computing some quantities
in the pure CS theory on S3b . The quantities are interpreted as supersymmetric Wilson
loops in the fundamental representation, defined by [72]
W = Tr
{
Pˆ exp
[∮
C
dτ(iAµx˙
µ + σs|x˙|)
]}
, (9.27)
where σs is the scalar field in the 3d N = 2 vector multiplet.
The difference between the first and second terms in (9.26) comes from different con-
tours C. Let us choose S3b to be the following ellipsoid:
b2|z1|2 + 1
b2
|z2|2 = 1, (9.28)
and take the torus fibration coordinates
z1 =
1
b
eiφ1 cos θ, z2 = be
iφ2 sin θ. (9.29)
There are (at least) three following types of SUSY-preserving contours on the squashed
sphere, where two of them exist for any b, while the other exists only for rational b2:
25The trace is taken in the fundamental representation i.e. Tr (f(x)) =
∑N
j=1 f(xj).
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1. θ = 0, φ1 = bτ + const.
This winds the φ1 cycle and is an unknot. When this loop winds this cycle w times,
the localization formula for this loop is〈
W
(w)
θ=0
〉
CSb
=
〈
Tr
[
e2pib
−1xw
]〉
CSb
. (9.30)
It is known that this is formally the same as the unknot Wilson loop with framing
b−2 in a pure CS theory without a level shift [61].
2. θ = pi/2, φ2 = b
−1τ + const.
This winds the φ2 cycle and is an unknot. When this loop winds this cycle w times,
the localization formula for this loop is〈
W
(w)
θ=pi/2
〉
CSb
=
〈
Tr
[
e2pibxw
]〉
CSb
, (9.31)
which is known to be the same as an unknot Wilson loop with framing b2 in a pure
CS theory without a level shift [61].
3. θ 6= {0, pi/2}, φ1 = bτ + const., φ2 = b−1τ + const.
When b2 = b1/b2 with coprime b1, b2 ∈ Z, this winds the φ1 cycle b1 times and the
φ2 cycle b2 times. Therefore, this is a (b1, b2) torus knot. Note that this contour is
not closed for irrational b2. When the loop winds this cycle w times, the localization
formula for this loop is〈
W
(w)
(b1,b2)
〉
CS
b=
√
b1/b2
=
〈
Tr
[
e2pi
√
b1b2xw
]〉
CS
b=
√
b1/b2
. (9.32)
Note that this loop cannot be distinguished from the other two loops at the level of
the localization formula, because〈
W
(w)
(b1,b2)
〉
CSb
=
〈
W
(b1w)
θ=0
〉
CSb
=
〈
W
(b2w)
θ=pi/2
〉
CSb
=
〈
Tr
[
e2pi
√
b1b2xw
]〉
CSb
(9.33)
for b =
√
b1
b2
.
The bottom line is that the O(N) free energy (9.26) for generic values of b can be written
as
F˜|O(N) =
∞∑
w=1
1
w
pw+
1− pw+
e2pibMw
〈
W
(w)
θ=pi/2
〉
CSb
+ (b→ 1/b) . (9.34)
There are known exact results on the Wilson loops even for finite N [61]:
〈
Tr
[
e2pibwx
]〉
CSb
= e
b2−1
2
wt
w∑
d=0
(−1)w+dedt
w−1∏
j=1
[
e
pii(b2w−w+d+j)
k′ − e−pii(b
2w−w+d+j)
k′
]
d∏
j=1
[
e
pii
k′ j − e−piik′ j
]w−d∏
j=1
[
e
pii
k′ j − e−piik′ j
] ,(9.35)
where
t =
2piiN
k′
. (9.36)
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In the planar limit, we can use the approximation
[
e
pii
k′ j − e−piik′ j
]
' 2piik′ j, and find
1
N
〈
Tr
[
e2pibxw
]〉
CSb
=
we
b2−1
2
wt
t
w∑
d=0
Ww,d(b
2)edt, (9.37)
where 26
Ww,d(f) =
(−1)w+d
ww!
(
w
d
)w−1∏
k=1
(fw+ d− k) = (−1)
w
ww!
(−w)d(fw)d(fw − w + 1)w−1
d!(fw − w + 1)d . (9.39)
Thus, the O(N) free energy is given by
F˜|O(N) = −
N
t
∞∑
w=1
w∑
d=0
pw+e
2pibMw
1− pw+
e
(b2−1)wt
2 edtWw,d(b
2) + (b→ 1/b) . (9.40)
Note that for Im(b2) > 0, the small p+ and large p− expansions in this expressions are
convergent, while the large p+ and small p− expansions are non-convergent. We can also
write this expression as
F˜|O(N) =
N
t
∞∑
w=1
w∑
d=0
pw+e
2pibM′w
1− pw+
e−dtWw,d(−b2) + (b→ 1/b) , (9.41)
where we have used the identity Ww,d(f) = −Ww,w−d(−f), and M′ is defined by
M′ = M +
Qt
4pi
. (9.42)
9.4 The O(N) free energy for Im(b2) < 0
For Im(b2) < 0, the double sine function has the representation
sb(z) = e
− ipiz2
2
− ipi
24
(b2+b−2) (−p1/2− e2pib
−1x; p−)∞
(−p−1/2+ e2pibx; p−1+ )∞
, (9.43)
which can be formally obtained by taking b→ b−1 in the representation (9.17) for Im(b2) >
0. Then the O(N) free energy for generic b is given by
F˜|O(N) =
∞∑
w=1
1
w
pw+
1− pw+
e2pibMw
〈
Tr
[
e2pibxw
]〉
CSb
+ (b→ 1/b)
= −N
t
∞∑
w=1
w∑
d=0
pw+e
2pibMw
1− pw+
e
(b2−1)wt
2 edtWw,d(b
2) + (b→ 1/b) ,
(9.44)
which is formally the same as the result (9.40) for Im(b2) > 0. Therefore, this expression
is valid both for27 Im(b2) > 0 and Im(b2) < 0.
26Here we defined (n)d ≡ n(n+1) · · · (n+d−1). There is also a representation in terms of a hypergeometric
function:
1
N
〈
Tr
[
e2pibxw
]〉
CSb
=
(−1)w
t
Γ(b2w)
w!Γ(b2w − w + 1)e
b2−1
2
wt
2F1
(−w, b2w; b2w − w + 1; et) . (9.38)
27 [16] used the following expression for the double sine function:
sb(z) = e
− ipiz2
2
− ipi
24
(b2+b−2)(−p1/2+ e2pibx; p1+)∞(−p1/2− e2pib
−1x; p−)∞.
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9.5 The O(N) free energy for real and irrational b2
We have seen that the expression (9.40) is valid for all Im(b2) 6= 0. It is natural to wonder
if (9.40) still makes sense for real b2. To see this, we take a limit of (9.40) from complex
b2 to real b2. We can easily see that the limit to irrational b2 is perfectly smooth and
finite. This implies that the expression (9.40) is still valid for real and irrational b2. The
arguments reviewed above then suggest that it should be equal to our topological string
partition function computations.
For the comparison to the open string side on the deformed conifold, it is useful to
rewrite the free energy (9.26) as
F˜|O(N) =
∞∑
w=1
1
w
(
1
2i
eipib
2w
sin (pib2w)
)
〈Tr(Uw0 )〉b2 e2pibMw + (b→ 1/b). (9.45)
Comparing to (6.47), we see that the expressions are very similar if we identify
M = −Md, t = td (9.46)
to get
F˜|O(N) =
∞∑
w=1
1
w
(
1
2i
eipib
2w
sin (pib2w)
)
〈Tr(Uw0 )〉b2 e−2pibMdw + (b→ 1/b). (9.47)
The main difference is that the factor of sin(pib2w) is now in the denominator instead of
the numerator.
Similarly, since we have seen the agreement between the open and closed string sides
under the identifications Md = Mr and td = −tr, the QFT free energy is also similar to
the one of the closed string on the resolved conifold if we identify
M = −Mr, t = −tr. (9.48)
Again the main difference is whether the factor sin(pib2w) is in the denominator or the
numerator.
9.6 The O(N) free energy for rational b2
Finally, let us consider the rational b2 case, where we take b2 = b1/b2 with coprime integers
(b1, b2). The limit of (9.40) to rational b
2 is subtle since the prefactors pw±/(1−pw±) become
divergent for some w with pw± = 1. Nevertheless, we will show in appendix A that the
apparent divergences are finally canceled and (9.40) has a finite limit, which is the same as
the result of a direct computation of the partition function at b2 = b1/b2. The final result
Although this expression is divergent for all values of b, the O(N) free energy formally computed in a similar
way, leads us to the same result (9.40).
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is
F˜|O(N) =−
∞∑
w1=0
b2−1∑
w2=1
e
2pi
√
b1
b2
Mw
w
e
2pii
b1
b2
w2
1− e2pii
b1
b2
w2
〈
Tr
[
e
2pi
√
b1
b2
xw
]〉∣∣∣∣∣∣
w=b2w1+w2
+ (b1 ↔ b2)
+
∞∑
w1=1
e2pi
√
b1b2Mw1
w1
〈
Tr
[(
i
2pib1b2w1
− i(iQ/2 + M + x)√
b1b2
)
e2pi
√
b1b2xw1
]〉
.
(9.49)
Here 〈· · · 〉 actually means 〈· · · 〉CS√
b1/b2
.
While most of the terms appearing here are the Wilson loops (9.37) in the pure CS
theory, we also have the quantity
1
N
〈
Tr
[
xe2pi
√
b1b2xw
]〉
CS√
b1/b2
, (9.50)
whose physical interpretation is unclear28. One can compute this quantity by considering
the derivative with respect to w:29
1
N
〈
Tr
[
xe2pi
√
b1b2xw
]〉
CSb
=
1
2piN
√
b1b2
∂
∂w
〈
Tr
[
e2pi
√
b1b2xw
]〉
CSb
=
(b1 − b2)t
4piN
√
b1b2
〈
Tr
[
e2pi
√
b1b2xw
]〉
CSb
+
e
b1−b2
2
wt
2pit
√
b1b2
b2w∑
d=0
edt
∂
∂w
(
b2wWb2w,d
(
b1
b2
))
,
(9.51)
where
∂
∂w
[
wWb2w,d
(
b1
b2
)]
= wWb2w,d
(
b1
b2
)[
b1ψ0(b1w)− (b1 − b2)ψ0(b1w − b2w + 1)
− b2ψd0(−b2w)− b2ψ0(b2w + 1) + b1ψd0(b1w)− (b1 − b2)ψd0(b1w − b2w + 1)
]
.
(9.52)
10 Conclusions and future directions
In this paper, we considered adding matter to the CS theory on S3, in its dual description
as a topological string on the deformed conifold Xd = T
∗S3. As suggested in [16], a
specific type of matter may be described by adding coisotropic 5-branes to the conifold
with N Lagrangian 3-branes wrapping its zero section. A generalization of the GV duality
suggests an equivalent description of this in terms of coisotropic 5-branes on the resolved
conifold Xr = O (−1) ⊕O (−1) → CP1, and we conjectured a duality of this form. Using
28 For b = 1, this quantity is proportional to Bremsstrahlung function [73].
29 Differentiation by w is subtle, since we have assumed w ∈ Z in the derivation. Yet most parts of〈
Tr
[
e2pi
√
b1b2xw
]〉
CSb
with w ∈ Z seem to have a natural extension to complex w. The only exception is the
factor (−1)w in Ww,d(f) (9.39) whose extension is quite ambiguous. Here we have chosen (−1)w = cos (piw)
which leads us to a vanishing derivative at w ∈ Z, while other choices give an imaginary part. Heuristically
this seems to be the appropriate choice, as this choice has the expected behavior for b = 1.
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the equivariant localization, we computed the leading order topological A-model vacuum
amplitudes in the deformed and resolved conifold backgrounds with coisotropic branes,
and found an agreement between the two, testing the conjectured duality. Surprisingly,
our result differs slightly from the large N limit of the partition function of the specific
PTCSM theory, which was proposed in [16] as a field theory description of the topological
A-model on the deformed conifold with coisotropic branes. There are several possible
resolutions of the discrepancy.
One is that our topological string computations are not precise, for instance because
the equivariant localization method does not work properly for topological strings with
coisotropic boundary conditions. As we discussed in section 4, even in the case of La-
grangian boundary conditions, one has to tune the toric weights appearing in the A-model
amplitude appropriately in order to match the Wilson loop framing dependence in the CS
theory. It seems possible that such a procedure fails for more general coisotropic bound-
ary conditions. It is also possible that equivariant localization for coisotropic branes leads
to extra quantum mechanical degrees of freedom that need to separately be taken into
account, as in [74]. However, if the topological string computations are not correct, it is
somewhat surprising that the two separate computations agree with each other.
Another possibility is that our field theory computation of the 3d N = 2 partition
function at large N is not correct. One might think that since our computation used the
Wilson loops in the pure CS theory with irrational framing rather than the standard integer
one, there might be subtleties. However, this point seems irrelevant for the mismatch since
the mismatch between the open string and field theory sides appears at the level of the
decompositions in terms of the Wilson loops, as seen from (6.47) and (9.45). Therefore
we are not currently aware of any subtleties relevant for the mismatch in the field theory
computation.
It is also possible that one of the two claims from [16] that we used is not correct. One
claim is that the topological string with 3-branes and 5-branes gives rise to the PTCSM
theory (9.3). This was not derived directly on the conifold but rather in flat space, so
there may be subtleties in the derivation. Perhaps, as discussed in [16], the PTCSM theory
may be generalized to include a non-trivial potential, and this may solve the problem. The
other claim we used is that the partition function of (9.3) is the same as that of the 3d
N = 2 partition function with the same THF structure, and again there may be various
subtleties here.
It is important to understand the mismatch in order to properly incorporate coisotropic
branes into the GV duality, and thus into the beautiful web of dualities between the CS
theory and topological string theories.
There are many future directions to consider.
Additional computations may shed light on the discrepancy, and also be interesting
in their own right. In this paper, on the topological string side we only considered the
case of irrational b2, while on the field theory side we computed in section 9.6 the result
also for rational b2. For rational b2 there are extra surfaces contributing on the topological
string side, and in particular continuous families of surfaces contribute, modifying the
computation. It would be nice to repeat the computation in this case, and to see to what
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extent it agrees with the field theory result (9.49). It may also be possible to go to higher
orders in gs, as we briefly discussed in section 8.
An important aspect of any holographic duality is the map between observables. In this
paper we considered the partition functions on both sides of the duality, but as discussed in
section 9.1, there are also local observables in the PTCSM. Gauge-invariant combinations of
these observables should map to operators made from the 5-5 strings on the closed string
side. Due to topologicity of the theory, there is no room for any non-trivial coordinate
dependence of the correlation functions, but it is still very interesting to understand their
physical significance, and their images on the closed string side of the duality.
It would be interesting to generalize our discussion to other manifolds. For most spaces
the topological string dual of CS theory is not known, but for Lens spaces the GV duality
is discussed in [75, 76], and the 3d N = 2 partition function is also known, so it should be
possible to repeat all of our computations.
One of the most interesting dualities involving Lagrangian branes in the A-model is
mirror symmetry. The original construction [77] of this duality was generalized to include
Lagrangian branes in [59, 60], and to the simplest configuration of coisotropic branes in
[78], but an understanding of the duality for more general 5-brane setups is lacking.
It would also be great to include 5-branes in the Topological Vertex formalism [79],
which allows to find the A-model solutions for very complicated toric backgrounds by
appropriately ‘gluing’ the topological string amplitudes in simpler backgrounds.
Sometimes, the topological string dualities can be embedded into physical string the-
ories [80], and into M-theory [62, 63, 81–85]. Therefore, inclusion of coisotropic branes in
the GV duality may shed light also on some aspects of the physical branes dynamics.
Another problem which better understanding of topological 5-brane dynamics could
help to solve is the relation between the higher-spin Vasiliev theory [86, 87] and string
theory. It is known (see [88] for the original proposal on holography for vector models, and
[15] for a recent review) that the Vasiliev theory on AdS4 is holographically dual to the
CSM theory on S3,30 so we hope that the PTCSM/A-model duality can be a step towards
inclusion of the Vasiliev theory into string theory. In particular, the topological string
background with coisotropic branes that we found should be equivalent to some twist of
the version of the Vasiliev higher-spin gravity on AdS4 that is dual to the 3d N = 2 CSM
theory [89]. It would be interesting to understand this better.
There should also be a relation between the GV duality with coisotropic branes and
the topological holography program, whose aim is to construct the holographic duals to
topologically (or holomorphically) twisted gauge theories [91–95], because the PTCSM
theory is related to the holomorphic twist of supersymmetric Yang-Mills theory via a
dimensional reduction.
All this suggests that there may exist a web of dualities between the PTCSM theo-
ries, topological string theories on conifolds and their generalizations (whose solutions are
30There are also some generalizations of this duality with supersymmetries and with non-Abelian gauge
symmetries on both sides [89, 90].
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constructed using the Topological Vertex, as we mentioned), string theories on AdS4×M ,
Vasiliev theories on AdS4, and certain generalizations [92] of BCOV theory [39].
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A Derivations of the O(N) free energy for rational b2
In this appendix we present two derivations of the result (9.49) for rational b2.
A.1 The limit to rational b2 from complex b2
The limit of (9.40) to rational b2 is subtle since the prefactors pw±/(1−pw±) become divergent
for some w with pw± = 1. To see this explicitly, let us rewrite F˜|O(N) as
F˜|O(N) = −
N
t
∞∑
w=1
[
e2piib
2w
1− e2piib2w fw(b
2) + (b→ 1/b)
]
, (A.1)
where
fw(b
2) = e2pibMw
w∑
d=0
e
(b2−1)wt
2 Ww,d(b
2)edt =
t
N
e2pibMw
w
〈
Tr
[
e2pibxw
]〉
CSb
. (A.2)
We can easily see in the limit b→
√
b1
b2
that the first and second terms in (A.1) are divergent
for w = b2Z and w = b1Z respectively. Therefore, it is convenient to decompose F˜|O(N)
into a harmless part and an apparently divergent part
F˜|O(N) = Fsafe + Fdanger, (A.3)
where
Fsafe = −N
t
∞∑
w1=0
[
b2−1∑
w2=1
e2piib
2w
1− e2piib2w fw(b
2)
∣∣∣∣∣
w=b2w1+w2
+ (b1 ↔ b2)
]
,
Fdanger = −N
t
∞∑
w1=1
[
e2piib
2w
1− e2piib2w fw(b
2)
∣∣∣∣∣
w=b2w1
+ (b1 ↔ b2)
]
.
(A.4)
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Fsafe does not have any divergence when b→
√
b1
b2
, and we can easily take the limit
lim
b→
√
b1/b2
Fsafe = −N
t
∞∑
w1=0
 b2−1∑
w2=1
e
2pii
b1
b2
w2
1− e2pii
b1
b2
w2
fb2w1+w2
(
b1
b2
)
+ (b1 ↔ b2)
 . (A.5)
We have to be careful with Fdanger, since it is apparently divergent. However, we will
show that the apparent divergence is canceled and Fdanger has a finite limit. To see this,
first note that as we approach a rational value
e2piib
2w
1− e2piib2w
∣∣∣∣∣
w=b2w1
= − 1
2piib2w1
1
δb2
− 1
2
+O(δb2),
e2piib
−2w
1− e2piib−2w
∣∣∣∣∣
w=b1w1
= +
1
2piib1w1
(
b1
b2
)2 1
δb2
− 1
2
− i
2pib2w1
+O(δb2),
(A.6)
where δb2 = b2 − b1/b2. Then, the divergent part is
1
2piiδb2
N
t
∞∑
w1=1
[
− 1
b2w1
fb2w1
(
b1
b2
)
+
1
b1w1
(
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b2
)2
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(
b2
b1
)]
. (A.7)
We immediately see that this is canceled, because
fb2w1
(
b1
b2
)
=
t
N
e2pi
√
b1b2Mw1
b2w1
〈
Tr
[
e2pi
√
b1b2xw1
]〉
CS√
b1/b2
=
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b2
fb1w1
(
b2
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)
. (A.8)
Thus, expanding in powers of δb2, the expression (A.4) has the following finite limit:
lim
b→
√
b1/b2
Fdanger =− N
t
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2
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(
b1
b2
)
−
(
1
2
+
i
2pib2w1
)
fb1w1
(
b2
b1
)
− 1
2piib2w1
f ′b2w1
(
b1
b2
)
− 1
2piib1w1
f ′b1w1
(
b2
b1
)]
.
(A.9)
Combining this with Fsafe, we obtain
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}〉
,
(A.10)
where the VEVs are 〈· · · 〉 = 〈· · · 〉CS√
b1/b2
, and we have used31
− 1
2piiw1
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1
b2
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1
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.
(A.11)
31 This identity is correct only for large N . For finite N , we also have corrections from the derivative of
the factor
∏
i<j
sinh (pibxij) sinh (pib
−1xij) with respect to b.
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As we discuss in the next subsection, the limit (A.10) of the free energy to rational b2 from
the complex plane agrees with the result directly computed at b2 = b1/b2.
A.2 A direct computation at rational b2
The double sine function for rational b2 has the following representation [96]:
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(A.12)
For our purpose, it is more convenient to rewrite this as
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where we have used
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Then, the partition function is given by
Z˜ =
1
N !
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As in the main text, the O(N) free energy can be computed by
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(A.16)
We see that this result precisely agrees with the one we got in the previous subsection.
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